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'THE 'DEVEliOPpNT OP THE PEi^ NUMBER SYSTEM 

* 

!• •intf*oduction x 

^ \' In the beginning of *your study of arithmetic you learned 
' about Whole ^numbers; later you learned about fractions. In 
algebra you learned, about negative "humbers, and about irrational 
numbers. These numbers are all called real numbers*. 

As you were introduced to each kind of new number, you 
'learned rules for -operating vdth them, that is, for performing 
addition and multiplication and, where possible, subtraction • 
and division. You learned the practical reasbns why the new 
numbers v/ere needed, and 'these reasons made some of the new 
operations seem natur^l^ and S'imple. Probably some of the 
rules, hov/ever, seemed arbitrary and mysterious. Are there 
-some ^*;l:/ich still seem mysterious to- you?^ C6uld jone^jose _ , ^ 
different rules for operating v/ith negative a^nd fractional 
numbers? If not, why not?.* If l^ere is only one "i*ight" way 
of opei?4:ting with these numbers is there any way you could 
find the "right"' rules yourself ? 

In this chapter v/e are going po take 'a closer* look at , 
the real niimbers and the rules for operating with them. We 
will see that there ^ are just a few basic rules of algebra 
and ^that every other algebraic rule follows logically from 
these basic rules. VJe will show you that there are purely - 
mathematical reasons for introducing each new"^ kind of real 
and -'thav the rules for operations with/ these numbers are 
the only ones possible if the operations are to have certain 
simpJLe and familiar properties. We will actually discover * - 
these rules: 

V/e will begin our study by examining the whole numbers 
and some of the properties of addition and multiplication' ^ 
of v;hole numbers. From these properties we will get most of 
our basic rules of algebra. V/e will not suppose that you 
knov; anything about other real numbers or operations with 
them. ' » ' 



2. Vfhole Numbers * N . 

The niimbers first used by man, even before recorded 
histoi^r, were the numbers !, 2, 5, 4, 5^ etc. which 

we *call the natural numbers . Very erarly in man's history 
"^^he ntimber 0 ,wa;s introduced. V/e call' the natural numbers 
and 0 whole numbers . We are going to examine some of the 
properties of operation^ with whole numbers. 

Exercises 2a. (Oral), j % 

For each equation list all the whole numbers that satisfy, 
it. If all whole numbers satisfy the equation the ansv/er 
is aril . If no whole^nifinbe^ -satisfies the equatiQji the answer 
is jione . 



1. 


X + 5 = 17 


12 r 


X + X = X 




X, / 2=5 


15. 


X + 19 = a 




A - 6' -+"3;-- 55"-" ■ '• 




„ X + 21 = 19 


4. 


55 ./ z = 11 


15. 


1 + X = X ' 


5. 


55 / X = 4 


16. 


1 + X = 1 


6. 


(y + 2)(y + 1) = y 


•y + 5 


.y + 2 


7. 


X / 5 = "2 


17. 


x(x + 2) = x.x + X.2 


8. 


(2x - 1) /15 = 1 


18. 


X + y = y + X 




---zr hTi = z + 2 


^19.' 


5x = X.5 


10. 


2-z + 6 = 6+ 2-z 


20. 


2x + 10 = 2(x + 5) t 5 


11. 


X'X = X 


21. 


X -(y - ^ = (x -y) + z 



Operation s ; What is an operation? An operation is a rule 

which assigns a ntunber to certain pairs of numbers given 

in a definite order. We call a pair of numbers given in 

a definite order an ordered pair of numbers, and denote' the 

ordered pair — first a, second b — by (a, .b). 

Addition : The first operation you learned, and still the 

one you consider the simplest and most fundamental is' addition. 

Addition assigns to the ordered pair of numbers (a, b) the* 

number a + b. What do»you know about the addition of whole 

numbers? V/e are going to list some properties of addition 

which you use all the time. 



.."le 'first and simplest property is that addition is 
always possible for whole numbers and the result is a whole 
number; that i*s, addition aesigyis' a /lumber to every ordered 
pair of vhole numbers, and the number assigned is a whole 
number. For example, 4 + 3 = 7, 112 +. 2133 = 22^5/ 19 + 0 = 19 
We say tha% the set (or collection, or dlass) of whole numbers 
is -closed urtder addition, and refer to this property as the 
closure property of addition. 

Closure property of addition ; If a and b are whole 
numbers then a + b l£ a wj^ole number . 

Exercise 2b. (For class discussion) 

1. Is the set of all natural nximbers closed under the 
operation: 

(a) addition? " 

(b) subtraction? . 

(c ) multiplication? 

(d) divisiiDn? 

2u Is the set of all even natural numbers closed under: 

(a) addition? , 

(b ) multiplication? 

3. Is the set of all odd na^ui^al numbers closed under: 
(a) addition? 

^b) mul.tiplication? 

4. Is the set of all natural numbers less than 10 closed 
under: 

(a) ^ addition? 

(b ) multiplication? 

The -second property of addition is that the order in 
which we add numbers does not affect the result; addition 
assigns the same number to the orderedN^eairs (a, b) and 
(b,a). For example, 5-t->2 = 2+5.'^We call this property 
bhe commutative property of addition. 
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Commtttatlve property .of addition ; . For all a and b,a + b = b + a. 

> Addition assigns a number to a pair of numbers. If we 
Vish to "add" three numbers given in a definite order, we 
Biust first add two of them,' and then add the result to the 
ihird. We 'can group, three numbers given in a definite order 
in two different ways, but th^ way. in which we group them 
does not affect the result of addition; that is, 
■4 + (b^ + c) = (a + b) + c. • 
For example,-, with a = 5, b = 6 and c = 9, we have 

a-p-^b + c) = 5 + (6 +z9) = 5 + 15 = 20' • 

(a + b) + c = (5 + 6) + 9 = 11 + 9 = 20 - 
We call this property the associative property of addition. 



Associative property of multiplication f " Tor all a, b, ' and c, 
a* (b'C) = (a'b) 'C 

'\, " ■ 

- Multiplication ; Let us turn now to the second fundamental 
operation, multiplication. Does it have properties similar 
to, those of 'additlOi ? Yes* The product of two whole 
numbers is a whole number; the order of T actors does not 
affect the product; and the way in which we group numbers 
for mu? tlpllcation does not affect the result. 

Closure property of multiplication ; If a ^ and b are whole . , 
numbers then a^b^ l s ^ a whole number . * - 

Commutatlve. ^ property of multiplication ; For all a and ' b, 
a*b = b*a. ^ 

Associative property of addition ; For all a, b, and c^ 
a. (b*c ) = *{a«b) -c ^ 
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Dls-trlbutlve property ; Are addition and multiplication related?' 

The inost important feature of their relationship is- that we 

can multiply a number by the sum of two numbers, or we can 

multiply each of the ,rt^bers in' the sum by,, tjhe first 'number , 

and then add-an'i we get the same result.' Sjmibolically this 

is expressed by the equation a(b +'c) = ab + ac. With 

' > 1. ' ' • ... 

a = 5, b = D and c = S, for example, we have 

• * 5($'+ 9) = 5-15 = 75 • "-^ ■ 

.5-6 + 5'9- = 50 = 45 =75 
Because of the corranutative property of multiplication we can 
also .write (b + c)a - ba + ca. We describe both equations , 
by saying that multiplication is distributive over additioh., 



Distributive property ; For all a, b, 
and (b + c)a = ba + ca. 



and 



a(b + c) = ab + 



Exercises* 2c. 

1. 'Indicate whether the following statements are false 

or true. " " * 

f 

If true state the property upon which your answer 



' — -^pends . 




• • * » 


(^) 


6(4 + 5) = 6 • 4'+ 6 • 5 




(a) 


(b) 


6 + (4-5) = (6 + 4). (6 


+ 5) 


(b) . 


' (c) 


' 75 + 7 = 7 + 75 




(c)* 


(d.) 


,6'i7 + ^) = (6.7) + 4 




(d) 


(e) 


6.19 .= 19-6 




(e) 


m 


5-(20-1.7) = (5-20)-17 




(f) ■ 




5.(5.4) = (5.5). (5.4,) 




(g) 




(5 + 7) + 6 = (7 + 5]^ H 


- 6 


(h) , 


(1) 


(5 + 7) ,+ 6 = 6 + (5 + 


r) 


.(1) 


• U) 


(5 + 7) + 6 = 5 + (7 + 


6) 


(J) 




5.4.+ 5-6 = 4-5 + 5>6 




(k) 
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(1) (12 + 88)- (100 + 10) -.(.12 + 88)-lOO + (12 + 88)-lO , 
(m) 3-7 +.8-2 = 8-2 V3'7 (l) (m) 



2.'. Ejcplaln why you get the same answer whether you 
adxi the column of figures. .-up or'*' down. ' 
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The propertle's we have listed are certainly sinqsle, but 
; they are also fundamentai . You may .not .^ea;i<^:^:e that they a're 
•fundaftiental because most of the time you use: them without 
thinking abouf -^hem. To gain some appreciation of their 
in^jortance, consider "tke fact. that with addition and multi- 
piicati^ tables o;ily for ^he numbers j 1 through 9 ^nd 
the rules 10-10 = 100, 3,0-100 =» lOOOT /. we can add ** 
and miiltipiy any two/whole nujnbers using" simple procedures. 
How is this- possible? What' justifies, the siam.-' 

* • ' 23 

' . . ' " \ ^ 61 
for 'example? *\ .* ^ ^ 

4 Using place valUe * notation the ^associktlve and commutative 

properties of ^addition, and the distributive" property, we 

proceed in the following way: ' " ' ' 

• - 23 + 38 ^(2-10 + 3) + (3-10 + 8) ' Place value of digits 

= .t(2-10> 3) + (3-10>] + 8 ^Associative property 
* ^ ^ • . of addition' 

= [('^'-10) +.(3 +-3 . 10)] + 8 Associative property 

of addition? 

= [(2-10) + O-IO + 3)] + 8 Commutative property 

of addition 

Associative property 
of addition 

Associative property 
of addition 

Distributive prof)erty 




= [(^^'+ 3-10) +31+8' 
= (2-16 + 3-10) + (3^+8) 
= (2 + 3)-10 +^^(3 + 8) 




\ 



\ 
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The ^xims in parenthesis are knovm from addition tables. We have 

2>. + -38 = 5-10 + 11 Addition table 

2Z + 38 = 5-10 + (10 + 1). Place value of digitk 

Unally using the^associative and distributive properties again 

we hayg' , ■ • 

' 23 + 38 = -{5-.i0 + 10) + 1 Associative property 

• of addition 

23.+ 38 = (5-10 + 1.10) + 1 Since 10 = 1.10 ; 

23 + 38 = (5 + 1).10 + 1 Distributive property . 

, 23 + 38 = 6.10 + 1 'Addition table 



23 + 38 = 6l 



Place value of digits. 



1 • « 

Exerc ises 2d. - 
• 

.1. Use th'fe properties for the nat ral numbers and the ' 

given definitions, ^ ^ . 

2 = 1 + 1, 3=2 + 1, ' \ = 3 + i, 

to prove \y 

• ' ' - ,. ^ 2 + 2 = 4..^ I 

2. One way of - miali^iplying 32 by 23 without pencil <j)r 
paper is: 20 times 32- is 64o, 3 times- 32 is 96 

' • and the sum of 64o and 96 is 736. Explain vih^ 

this gives the correct answer. 

3. -Assume that you Ifnow only addition and multiplication 
tables from the number 1 to 9, and that 10-10 = 100. 
Explain each step in multiplication 23 ( 

. ' ■ -8 

'Which step corresponds to "carrying 2**? 

4. Perform the indicated operations and give the reasons 
for^each step in the operation. 

,(a)' 13+25 ^ ; (e) 25 X 34 . ' 

12 X 100 

X 1^ (g) X 100 

V (d) 86 + 35 (h) 762 x 379 - 

* 

ER?c n: ■■ ' 



Multiplicative Identity element ; In .the preceding when we 
said !• 10, we used an Important property of operations .with 
whole numbers.- This Is the property of the -number 1: 
a*l = l-a a, for all a. The number 1 Is the only 
number with this property.. Wnen there l.s only one element . 
v;lth a given property we will say It Is unique . -.Because- . 
of Its peculiar property the nvimber 1 plays an ,lmporta,nt 
role. We shall call , 1 the Identity element for multiplication 
or multiplicative identity element. 

r^ltipllcative identity eleme nt pj?operty ; There ig a 
unique element ,' 1, such that for all a, a*-! = 1-a = a. 

Additive identity element ; V/hat-is mean by an additive ■ . 
identity element ? VJe mean a number x with the property^ 
that a + X = a for all\ a. There is no additive identity 
among the natulral numbers, but one is desirable even- for ^ „ 
the" simple processes of arithmetic; it is for'' this reason 
that 0 Is introduced. The number 0 has the p.roper.ty of an 
additive identity that a + 6 = 0 + a= a for all a, and 
0 is the only niamber with this property. 

AdQltive identity element property ; There is a unique 
element, 0, such that for all a, a+0=0+a=a. 

Subtraction and division ; V/e have not yet mentioned sub- 
traction and division. The reason for this is that subtraction 
is defined In terms of addition and division is definex^ in 
terms of multiplication. To say that x = b -\a Is to'^ay 
that X is a solution of the equation a +■ x = b. Thus 
2 = 5.-3 means that 3 + 2 = 5* and 7 = 11 - ^ means 
that 7 4- 'I = 11. V/e 'Say that subtraction is the inverse 
of addition, . 

Definition of subtraction ; x = b - a means a + x = b 

The symbol b - a is read "b minus *a, "■ and is called - 
a- difference . 

. ^ 12 



^ • ^ In-the same manner, division i« defined as the inverse. 

of 'rauijfeiiJlTcation. 2 = 6 means that 3-2 = 6 and • 
' "''5 ="A5/-5 means that 5*5 = 15* -Generally x * b/a means 

that' X is the solution of the equation a.x = b. 

If a =i 0, th^n for*all values' of x,- a-x = 0, so that 

If . b 0, ^there is no x such that ax = b. (The symbol 

]^ is tead "is not equal to..") However if b = 0, thenTr-^^ 
'.j 'any value of x satisfies the equatio'h. To avoid this . 

• situation we exclude division by zero. -* v ' 

. * * 

^' Definition of division ; x. ^''- .^ means 'a.x = b and a / 0. 

JS^ie symbol (or b/a) is r.e.ad "b over a," and is called ■ 
» a fraction. 

, , The' equations a + x = 'and ax = b, in terms of 

■' . nrhlch. subtraction and division are defined, are among the 
£|in5>aest equations of algebra. Yet, with these equations 
*.-W€f run int"o trouble if, ..as we. are assuming here, the only 
niwibers we know are the natural numbers and zero. The 
trouble is that some of these equations may not have solutions 

• The' equations 
» 

■ ; - - 5 + X = > , 11 + X = 7 ' • . 

f ' 6-x = 3 , 15-x =5 
. are examples of equations which do not have whole nximbeir 

. » 

solutions. 

• . In the case of the. equation a + x = bj"we"c^n say that 
..^the equation has a solution if b Is larger than a or V 

equal. to a/ and otherwise does not have a solution. In 
the case of the equation ^ ax = b we can say only that it 

• has a solution if and only if .a divides h, which is 
saying that the equation has a solution if and only if it 
lias a solution which, you will agree, is not saying much. 

• In .either case we can make no general statement about the 
solutions of these equations. To be able to say anything 
about the solutions we- have to know what" ^ipecific nximbers 
a' and b represent. 
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An important feature of ^algebra Is generality . ' An 
indication of this Is the. use of letters to stand for nximbers, 
which' is one feature which distinguishes algebra from arith- 

.metic. One reason for the use of letters is that we wish to 
make statements about relations between num.bers without 
having CO specify the numbers. If we have to be specific 

• in the case of the simplest algebraic equations the develop- 
ment of algebra is blocked at the beginning. The disire 
for a system of numbers in which the equations a'+ x = b 
and ax = b always have unique solutions is the mathematical 
reason for the creati^sn of the new nvimbers which we will 
call integers and rational numbers. . 
Cancellation properties : Although we can make no general . 
statement about the existence of solutions of the equations 
a + x"= b and ax = b if a and b are whole nvunbers and 
X is required to' be a whole number, we can make a general 
statement, about the uniqueness of solutions. We can say 
that If the equation a + x = b has a solution it has 
only one solution. Another way of saying this is: 
If a + X =. a + y, then, x = y. For example, if 

5 + X. = 8, or 
5 + X = 5 + 3» then 
X = 3 

We can make a similar statement about the equation ax = b. 
If a ;^ 0 and if ax = ay, then x = y. For example, if 

6x = 18, or 
6x = 6'3» then 
X = 3 y 

\ 

These statements express important properties of additipn 
and L. Itiplication; we will call them the cancellation proper^ties 
of addition and multiplication. Because .of the commutative 
properties of addition and multipj-ication we can also write: 
If X + a = y + a, then x = y; If a 0 and x-a = ya, 
then X = y. 

a 

1. 4 
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Cancellation property of addition : For- all a, if 
a + x = a + y (or lf> x + a = y + a), then x = y. 

Cancellation property of multiplication ; For all a, 
except a = 0, if a«x = a-y (or x-a = y-a), then x = y 



Exercise s 2e. (Oral) 

Find the whole number solutions of the following equations. 
Indicate which equations have no whole number solutions. Also, 
state which cancellation properties are used in finding the 
solutions . 




1. 



X + 7 = 7 
8x = 72 



7. 
8. 

9. 



X + 11 = 12 



2. 



32 = 2x 



3. 



5. 
6. 



9 + X = 19 
"8 = 14 + X 



3x = 2 



2x = 0 



10. 



11. 



12. 



13 = 3 + 2x 
13 = 2 + 2x 
9 + 2x = 93. 
28 + 3y = 1 



ERIC 
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3. tftimber terns 

W a number system we shall mean a set of. numbers for 
.which addition and multlpllv itlon are defined arjfi have all 
the properties listed In Section 2. The set of whol6^ 
numbers is a number system; In later sections we will 
learn about others. We summarize the properties of a 
number "system below. 



Properties of a ??amber Systjem 
Closure If a and b are In ^ the system then a + b Is 
in the syst.^. 

If a and b are in the system then - a^b is 
in the system. 

and b, a f b = -b + a 



Commutative For all 

^ For all 



^Associative For all 
^:Por all 



a 
a 

a, 
a. 



and b, 

b and 
b and 



a*b = b*a 



0, 



a + (b + c) = (a + b). -h c 
a* (b*c) = (a*^b)*c 



Distributive For 


all 


a, b and c^ a* (b + 


c) = a*b + a*c 








(b + c ) 


•a rz b*a + c^a 




Identity element 


There is a vmlque element 


0, so that far 






all 


a, a+0 = 0+ a = a 








There is a unique element 


,^J^_so thatjfor^ 






all 


a, a*l = .1 •a := a 






Cancellat3 on For 


all 


a, if a -f X = a -h y. 


then X = y 




For 


all 


a, if X -h a = y -h a 


then X = y 




For 


all 


a, except a = 0, if 


ax = ay then 


1 




y 








For 


all 


a, except a = 0, if 


xa =^ ya, then 






y 









An equation Involving letters which Is a true statement 
when thfe' letters represent any numbers In a number system Is 
called an Identity equation , or briefly an - Identity , In the 
system. ■ (The word Identity here has no relation to the word 
identity In the phrases "additive identity, element" 
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"ttiultiplicative Identity ei^ement.") The equations ir/ the 
ata-tements of the , associative, commutative, and' distributive 
properties are identities in every number system. Using 
ihese properties and the others stated above as axioms, or 
postulates we can establish other statements,' in particular 
Identities, as theorems > 

I In proving theorems we will often use statements such 
;as: if a = b and b = c then a i» o; ifa = b and c = d 
I then a + c = b + d. Such statements are consequences of the 
meaning of equality and the meaning of operation. The eq ; uation 
a = b means that the symbols a a,nd b represent the seme 
number . Thus, if a and b, represent the same number and 
b and c represent the same nmnber, .then a ^and cf represent 
the same number. If a and b represent the sai^ number, 
and c and d represent the same number, then a V c and . 
b + d represent the same numbeij namely the number assigned 
by addition to the ordered pair of numbers which can be 
represented either by (a, c) or by (b, d). When we use 
statements such as the two we have discussed we will say 
that we are using substitution statements. 

As a simple illustration, consider the following 
' " ^ 

Theory .1 For all a, b and c, a + (b + c)= (c + a) + b. 

Proof ; b + c c > b Commutative property 

c + a = a + 0 -Commutative property 

a + (b + c) = a.+ (c + 1)) Substitution 

= (a + c) + b Associative property 

= (c + a) + b. Substitution. 



Theorems such as the preceding are necessary because 
addition and multiplication are defined only for pairs of 
numbers . , We may use the symbol a + b + c for the sum of 
three hiimbers only because of the associative property of 
addition • If addition did not have the associative property 
a + b 4- c might mean (a + b) + c or a + (b -f c)/ and 
these nximbers would- not be the same . Similarly we may 
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write a + b + c = c + a + b, but only .because of Theorem^! 
and the associative property: There are many similar* identities, 

a + b+ c = c + a + b 
= c + b + a 
b + c -f a 
= b a + c 
= a -f c -f b, 

and corresponding identities for multiplication. Instead 
of stating. and proving all of these as theorems, we Shall 
accept them, as proved^ and say that we are using associative 
and commutative properties when we use them. 

There are many statements in algebra which are actually 
theorems eve^though we_don«t usually call them theorems. 
•In petrticular, e);rery^ equation Involving letters which ia " 
obtained when "simplifying," "multiplying out" etc. i^^n- 
identity, and'^ hence a theorem. The following examples 
illustrate thlk. . 



Example : 
Solution: 



\ 

Simplify 



3 X + 4(x + 7) 



3x + 4(x +7) = 5x + (4x + 28) 
= (5x + 4x) + 28 
= (3 + 4)x H- 28 

= 7x + 28 = 



Distributive p;ropferty 
Associative, property 
Distributive property 



Example : Multiply out (a + b) 
Solution: 

(a + bT = (a + b)(a + b) 

= a(a + b) + b(a + b) 
= (a'-a + a-b) t- (b«a + b-b) 
= (a^ + ab) + (ab + b^) . 
= (a^'+ b^) + ^b + ab) 

= (a^ + b^) + (1- ab + 1 -ab) 

= (a^ + b^) + (1 + 1) ab " 



\ 



= a2+ 2ab + b^ 
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Distributive property 

Distributive property 

Commutative prc^perty 

Aasociative. .alnd 
commutative' properties 

. Identity element 
property ^ 

Distributive property 

s 

Associative and 
commutative properties' 



■ Exercises 3. 

Simplify each of' the following expressions. Justifying 
each^tep as was done in the illustrative examples. 

1. 2(5a + b) + 5(b + 2a) 

■2. Ox) (2y) 

3. (x + 3) (2x + 3) 

4. a + 3(a + 4) , 

2 2 \ 

5 . x^y + 5 + 3x y + \2 

. 6. a(b + 2) + a(b + 2) 

o o o \ o 

7. 2a'^ + 3b'^ + Sb*^ + ta 

8. (6x + 9) (2x +-2) rf 3x + 18 

9. (x + a) (x + b) 

10. (a + b) (x + y) 

11. (ax + b) (cx + d) 



. -16- 
Hie Integers JNv 

We have defined subtraction In terms orr^he equation^ 

a + X « b. y 
Ttie statement x = b - a means that x Is a solution of this 
eqiiation. But In the system of whole numbers this equation does 
not always' have a solution, and hence b" - a does not always 
.have meaning. .For example, the eq^uatlon 5 -f x = 3 does not have 
a solution In the system of whole numbers,' and hence 3 - '5 has 
no meaning in this system. 

- Thus, for the purposes of algebra it is desirable enlarge 
our system of numbers so that the equation 

a + X = b 

always has a uAlque solution. To do this we Join tp the set of 
natural numbers and zero the set of negative integers—numbers 
" represented by --1, -2, -3/ and then define addition and • 

multiplication in this new set, in such a way that all of the 
proi)erties '^Df a number system hold.* Ttie new system of numbers 
V is called the system of dntegral-nujnbers or integers . The system 
of^ integers is an extension of the system of whole numbers* 3y 
this we mean that the whole numbers are jLn the'^new system and that 
the operations of ^addition and multiplication applied to whole 
numbers yield the same result as in the system of whole^ numbers* 
Propertie s of the system of integers ; As a number systeih, the > 
system of integers has all the properties listed in Section 3. 
The additional property-^it possesses is the following. 

Subtraction property : For all a and b, the re is a unique x, 
such that a + X = b. ' 

^ ' /\ 

,Aq ipxamples consider the following equations which do not 
have solvations in the system of whole numbers 

, \ 5 + X = 3 ^ , 11 + X =^ 7^ 

In the system of integers these, equations have the solution's -2 
and respectively. " - 
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Exercises Ka, (Oral) 

Find all integer solutions of the following equations'. If 

an equation has no Integer solutlbns the correct answetr is "none." 

' 1. t + 12'- 7 ,5. z + 3 = 2 + z - ■' • 

2. 9z-= 15 6. 5x - 3 = 18 

■3. 2x + 26 =.8 ^ 7. 5x + 18 = 3 

■ ^. ZS + 3 = -15 ■ 8. 3y + 2(7 + 2y)- = 19 . 

^ Why is it necessary to introduce the negative integers arid 
to operate with them as we do to get a system which has all the 
properties we desire? ^Let us forget about the integers now and 
Just suppose that we have - some number system which- is an extension* 
of the system of whole numbers and which has the subtraction 
property. We .will -show that the negative integers must„be in 
this system and/that the rules of operation with them must be the 
f miliar rules of opera f^ion." 

Additive Inverse ' elements ; According to the subtrae-tion property 
the equation ■ , ' 

a + X = 0 , _ 

always has one and only' one solution. For a given ' a we , will call 
the unique solution of this equation fhe inverse of a for 
addition or the additive inverse of a, and denote it by -a. 
The property which defines -a ■ Is therefore ; 

< ' - a + (-a) =0. . • - ■• 

Observe that because of the commutative property of addition we 
have also, 

-a + a = 0. . 

Definition of additive Inverse : -a is the additive inverse of 
a means " a + (-a) = -a + a = 0. 

For example, corresponding to the munber 5 there is a number 
-5 with the property that 

5 + (-5) =-5+5=0, 
and X = -5 is the only number for which 

5 + X = X + 5,= 0. 

' 21 
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Ttie symbol > -a Is r^'ad "minus k", '"negative a" or "o|)poalte of a." 

Kie-^ddltafve Inverses of the natural numbers are what we call 
.the negative . Integers > As we shall show below -(-a) = so the 
additive inverses of ,the negative integers are the natural numbers* 
For this, reason, the natural numbers will also be called the * 
positive integers ^ , * 

Let^.us prove the statement we just used. 



Wieqrem 3: For all a, . -( a) = a# 



Proof: , We have > ■ ... v ^ 

-a 4- [J(-a)] = 0 ^ ^Definition of additive inverse 

-a + a = 0 - Definition of additive Inverse. 

- ft' 

-(-a) ^ a SulDtraction property, - 
since by the subtraction property the equation -a + x. = 0 has 
only- one solution. ^ 



\ 



Now, using the equation a + (-a) = 0 which defines the 
negative integers and properties of a number system we pan find 
the rules for operating with the integers. - 

Subtraction and additive inverses, : 

Consider. the equation a + x = b. As in Section 2 we denote 
tlie solution of this equation by b - a. Now however the symbol 
always indicates a perfectly definite number, for by the subtraction 
property, the equation a x = b always has a unique solution. 
Thus, subtraction is an operation defined for all ordered pairs 
of integers. • ' 

We shall now establish an important connection between' 
subtraction and additive inverses. 

Theorem h: For all a and b, b - a == b -f (-a) 



Proof : 



a + (--a) = 0 Definition of additive inverse 

[a + (-a)j + b = 0 + b Substitution 

[a + (-a)] + b = b^ Additive identity element proper.ty 



ERLC 
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' a + (-a + b) - b Associative property 

a + [b + (-a)] =5 b Commutative property 
so, b - a = b + (-a) Definition of subtraction • 

* * 

^ We shall refer t'^ Theorem 4 as the theorem ori subtraction ♦ It 
states that a number Is subtracted by acj^dlng Its additive Inverse. 
Addition ; Ihe theorem on subtraction Is/ also part of the rule for 
adding po3ltlve and negative Integers.' For If b Is larger than a 
the equation a + x = b has a solution in .the system of v^bole 
numbers. Since our new system Is an extension of the system of 
whole numbers the solution of thrs equation, thaf Is, b - a,. In * 
our new system must be the same whole number. Thus, for- example, 
5'+ (-3) =5-3=2 and 17 + '(-H) - 17 - 11 =^ 6. To^flnd the 
sum ' b.-i" (4;a) when a and b ar4 natural numbers and a Is 
larger than b-^for example, to find 3 + (-5) and 11 + (-17) — 
we need another theorem, namely thfe following. 

Theorem 5: For all a an d b, b c+ (-a) == -(a - b) *^ 

Proof ; Tbe proof of this Is left for the student as an exercise^ 
(Exercises 4e, 13). For hints on procedure, see the proof of 
Iheorem 6 below. 

Using Theorem 5 we get, for example, " 3 + (-5) =' -(5 - 3)= 
-2 and 11 + (-1,7) = - (17 - 11) = -6. Thus, with Theorems 4 
and 5 together, we can find the sum of two Integers in every case 
in which one is positive ahd one is negative, 

' To ..complete the discussion of addition we need the following 
theorem, which enables us to find the sum of tw6 negative integers. 

Theorem 6:- For all a and b, -a + (-b) = -(a + b) , 

Proof: We have 

a + (-a) = 0, b + (-b) = 0 Definition of additive inverse 
[a + (-a)] + [b + (-b)] = 0+0 Substitution 
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[a + (-a)3^+ [b + (-b)3 '= 0 ' Additive identity property 
[a + b] + [(-a) + (-b)] = 0 Associative and commutative pi'operly 
[a + b] -}• [-(a + b) ] = 0 Definition of additive Inverse 
(-a) + (-b) ='-(a + b) Subtraction property. 
Since by the subtraction property the equa'tion (a+b)+x=0 
has only one solution, * • 



Using "nieorem 6 we find for example -3 + (-5) = -(3 + 5) = -8* 
and -11 + (-17) = ■- (li + 17) = -28. Ihus^ with Theorems Ji, 5* . 
apd 6, and the rules for adding whole numbers, we can find the sum 
of. any twp integei^fe. We cain also use these theorems, and the 
Kieorem on subtraction, and Bieorem 3, to find the difference of 
any two' integers, as indicated in the following examples. 



Examples: 



2 - 3 = 



2 - (-3)- = 



-2 - 3 = 



2 + (-3) 
-(3-2 • 
-1 

2 + -[-(-3)] 
2 + 3 

5 

-2 + (-3) 
= -(2 + 3) 
= -t^ 



Theorem on subtraction 
Theorem 5 • . 
Substitution 
Theorem on subtraction 
Ti^ieorem 3 and substitution 
Substitution- 
Theorem on subtraction 
Theorem 6 
Substitution 



Exercises ^,b . 

Perform the indicated operations. 

1. 12 - (-12) 

2. 12 + 12 . . 

3. (-8) - (-11) 

4. (-8) - l\- 

5. (-6) + (-2) + 3 + (-5) + 8 

6. (116 + 88) + (-16) 

7. 7 • a + (-a) • 

8. (-9 • -a) + (-7 • a) 
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9. (10 - 12) +- (x - Ik) + (20 + x) 
10. + Cr2)] - l(-6) + 3] . 

Multiplication r ■ ^ 

In a similar way we can prove two theorems which enable us to 
find the product' of any two Integers'^ 

\r Theorem Fo r all a and b, * (-a) ' • b = -(a • b) • 

Proof : we hav^e 

a + (-a) « 0 ^ ' Definition ^f addltlye-dnverse . 

[a + (-a)] • b = 0 • b Substitution , ' ^ * 

[a + (-a) 3 b = 0 TJieorem 1 , - 

• a'* b + (-a) • b =^ D Distributive property ^ 
•a.-* b +' [-(i • b) ] = 0 Definition" of additive inverse 
- Xa ^ -b) = (-a)' • b Subtractioii property . ' 
since by the^ subtraction property the equation (a • b) + x' = *0 
has only o^e • i^lutlon. ' • . • 

Examples: {-5) • 3 = -(5'. 3) =-15 ^ • 

. X ^ -(1 .'x) = -X ■ • , 

'^Theorem 8: Fdp all a and b, (-a*) • (-b) = a • b 

Proof : By the preceding, theoi^m we have ^ . 

(-a) • (-b) = .[a • (-b)] ' ^ Theorem 7 

' -[(«b) *• a], . . Commutative property 
' = -[-(b • a)] Hieor'emt^ 
= b • a , 'Bieorem 3 • * 

=: a b . Co.-imutative property 

Examples: (-5) (-3) = (5 • 3) = 15 



(-.1)(-1) = (1 . 1) = 1 
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Exferclses ^c. 

^Perform Che indicated operations, 

1. 5 • *(-2) 

2. (-5) • (-2) 

3. (-2) • 5 . (-8) 
-4. (-3) + 2 • (-6) 

^ 5. C(-3) +23 • (-6) 
•6; 7 (-93) + 7 V 93 . 

7. 3 (x - 1) + (x - 2) 

8. (-2)(-3)(-l) ^ ■ 

9. 7 (oTglO) ' \ 

10. 4(a +H) + (a + b) + (-3) (a + b) 




'• • We emphasize that the theorems we have proved in this section 
are true statements--and have been proved — for any - Integers a 
ahd b;" they state Identities in the system of Integers. It is 
true, but' irrelevant, that in most of our examplfe^ a • and' b have 
been* positive Integers. / 



Example Taking a=-3, b=2 1n Theorems 3-8 we obtain 
the following. equations. 

_ [-(-3) ] = -3 ' Iheorem 3 

' 2 - (-3) = 2 + [-(-3)j Theorem % 

2 + [-(-3)j = -(-3 - 2) ■ Theorem 5 

•[_(-3)] . 2 = -l(-3) + 2J Theorem 6 

[_(_3)J . 2.= -[(-3) . 2] Theorem 7 " 

[_(_3)j [_2]= (-3) • 2 Theorem" 8 
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Tne theorems we have proved kh^'i far, together with the 
properties of a number system, constitute a basic set of identities 
in the system of lntegerg,^f rem which many other identities for 
the integers' can be derived. In particular, v/e can use these basic 
identities to "simplify" expressions involving subtraction as 'well 

Tnis Is so because the system of 
subtraction is defined for 



gis addition and multiplication, 
integers is closed under* subtraction 



every oraered pair of integers, and the ^sult is- an integer* 
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. ' In the following examples (j^he equations we ^ierlve are 
' identities in the system of Integers • Insteg^d of -proceeding, one 
" step at a, time in the solution ,^ we have combined several steps 
where this can b|, done without obscuring, details • The students' 
should fill in these details • 

T \ . 

Example ; " Perform" the indicated operation: 7- a - 3 • a 

. ■ > Solution- : 7 • a' - 3 a-= \ • a + [-(3 ' &)] ' ' 

' ' > . = 7\' a + (-3) - a . 

. \ ' ' • = [tV (-3)3 .a 

•. . = (7 \3) - a. 

■■• , ■ . - . s ' 

■\ 

Example : Simplify (a + b) (a - b) \ 

^ ^ ^ Solution : , (a + b) (a - b) = [a + b][a 

= a [a + (-b)3 + b [a + (-b) 

= a . -a + a • (-b>: + b • a + b • (-b) 

=^ a^ - Cab) + (a ^^b) - b^ 

= a - b 

^^^^^^^^^^^^^_^Xt^ that subtraction, like addition and ^ 

multlpl;lcatlon. Is defined only for a pair of numbers • Expressions 
« Involving three or ,moi»e numbers without parentheses, such as 
* X - y + z, miay be used as abbreviations only when there is no 

danger of confusion. T3ius, x - y + z might mean (x\- y) + z 
' or X + (-y - z), and if we wish to use x - y - z as at\ 
abbreviation we must show that. \ 

(x - y) + z « X + (-y + z) \ 
Tor all X, y, and z. We have x - y = x (-y) ' ^\ 
> • x - y =7 X + (-y) Iheorem on subtraction \^ 

(x - y) + z = [x + (-y)] + z Substitution 
(x y) -f z = X + (-y + z) Associative property. 
Thus, there is ho danger of amblqulty in using the expression 
X - y z. \ " ^ 



Summary : Let us look back at what we have done,. We have assumed 
tihai; there Is a number system which Is an extension of the. system 
of natural numbers and which has the subtraction propei^ty. We 
defined the negative integers to be the additive Inverses of the 
natural numbers • The natural numbers > zero, and the negative 
Integers were then called the Integers* We then discovered the 
rules for operating with these Integers* Uiese were the familiar 
.rules, but they were not Just stated or discovered by Intuition. 
They were obtained as logical consequences of the properties of 
a n^omber system and the subtraction property. 

We have not sa?d that the system pf integers is the only 
systeia having the required properties/ There are others. Our' 
discussion shov/s that any such system must include the integers, 
and the system of integers is^ the smallest system having the 
required properties. 

For reference we list below the properties, definition, ' 
and theorems formulated in this section. 

Subtraction property: ?0£ all a and b, there is a^ unique 
^> s^^- . ^ . that a X = b 

Definition: Additive inverse — -a Is^ the additive inverse of 



a means a 


+ (-a). = 


-a 


+ a' 


= 0. 








T^ieorem 3 : 


For a31 


a; 




a ^ - 

■a J - 


a 






Theorem 4 : 


For all 


a 


and 


b. 


b - a 


= b + 


(-a) 


Theorem 5: 


For all 


a 


and 


b. 


b + ( 


^a) = - 


(a - b) 


Theorem 6: 


For all 


a 


and 


b. 


-a + 


(-b) = 


-(a + b) 


Theorem 7 • 


For all 


a 


and 


b. 


(-a) . 


(b) = 


-(a . b) 


Theorem 8: 


For all 


a 


and 


b. 


(-a) • 


(-b) = 


a • b 
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Exerclses 4d. 

Perform the indicated operations. 

1. (a 4- b) - 2a 

2.. 3x + ( - 2x - 5y) 

3. 3x - (-2X + 5y) 

4. [X + (x - y)] + 2(x - y) 

' 5. -2(3x - 5y) + 10 (x - y) 

6, • (a^ - 2ab) - [(b^ - 3ab) + (a^ - b^)] 

7-. .(4x - 15b) - (3r - 5y) + (Sx + 7y) 

8. 2x (3x - 7) 

9. -2x^ (-5 + 2y) 

10. (x + y) (x - 2y) 

11. (3x + 4y) (2x. - 5y) ■ . 

12. 3x^ (3 - X - 3x^J 

13. -2ab^ (-3ab) (5a 

1'+. (y - 5) (y^ - 4y 

15. (4c - l)(c^ + 5c 

16. ■ 3x(x - 2y) (x + 2y) 

17. (2x 5y)^. 

18. (2x - 3)(4x +1) . - 

19. -(2 - b)(2 H- b) + (b - 2) (b + 2) 

20. [3 (a + b)]^ 

21. (3a + b)(2a - 5b) + (5b - 2a) (a - 4b) 

22. .(3 + y) (2 + x) 

23. (x + ^)(x^ + + 6) 

24. [(a + b) - 2c][(a + b) + 2c] 

25. [3x - (y - .z)][3x - (y - z)] 




•26. ' [(aa + i)) - 5][(2a + b) + 2] . " 

27. [a + b + s + 3) 

28. (x - y + ra - n) (x + y - m + n) 

29. . (2x - y + z)(2x - y - z) 

50. (b^ + 2b + l)(b'^ - 2b - 1) 

31. (2r - s - t)^ . ^ 

32. (x - 2y)(x2 + 2xy + 4y^) 

33. - (x + y)(2x + 3y) - ^(y^ - x^) + (y '- 6x) (y +x) 
.^34. (x + 5) (x^ - 5x + 25) ■ 



35. 
36. 



C(x + y) + 3][(x + y) - 3] 



(a - b)(a + b) + 2b(b + a) - (a - b) 
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Exercises 4e. 



.1. 
2.^ 

3. 

5. 

.6.' 



Prove the following identities. 

X 



= X 



(x + y) - y 

(x - y) + y 
X - {j + z) 
X -.(y - z) 
(x + y) - z 
(x - y) - z 

7. ^x)(y)(-H) = -(xya) 

8. (-x)(y)(-H) = xye 
a(b - c ) = ab - ac 



(x - y) - z 
(x - y) + z 
X + (y - z) 
X - (y + z*) 



9. 
10. 
11. 
12. 

13. 



(a - b)^ = - 2ab •+ b^ 



(a - b)(a^ + ab + b^) = a^ - b^ 
(a + b)(a^ - ab + b^) = a^ + b^ 
+^(-a) = - (a - b) (Theorem 5) 
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5 F&ctorlng 

Quite often we wish to represent an algebraic expression 
ad a,prtfduct* This is called factoring the expresBion. 
FJatc toiling is useful, for example, in the simplification of 
fractions and in connection with the solution of equations. 

In the simplest cases, an expression <jan be factored 
by uslrg the distributive property one or more times. 



2 

Example ; Factor 2x + 5x " 

Solution ; 3y the distributive property 

2x^ + 5x = (2x + 3)x 



- There is no systematic procedure for factoring an 
expression; in fact, it generally is not possible to factor 
an expression. Essentially the only way one can factor an 
expression is by recognizing it is a product whose factors 
one knows • For this reason it is important to remember 
certain identities obtained by "mulitplylng out" sinqple 
factors. The following identities in the system of integers 
are particularly useful. 



For all a. 
For all a. 
For all a 
For all a 
For all a. 
For all a 
For all a 



c 
2 



a(b « c) 
- (a + l^(a r 



ab - ac 

2 



b, and 
and 
and 
and 

b _ . . . 

and b, a^ + ^ (a + b)(a^ - ab + b^f 
and b, a^ b^ (a - b)(a^ + ab + b^) 



b, a*" - b 

b, a^ +^2ab + b^ (a t b)^ 

b, a^ - 2ab + b^ = (a - b)^ 

and X, X + (a + b)x + ab - (x + a)(x +b) 



The proofs of these identities were given in the examples 
and exercises of the preceding sections. 



Example ; 
Solution: 



Factor 

2 



x^ - 9 



- if a = X, and b = 3. 



- 9 is equal 

Since - b-^ - (a + b)(a>b) for all a and b, 

o \ 

we have x - 9 = (x ^• 3) (a - 3). 
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Bxanple i Factor x - 4x + 5 

sbiutilQn: - Jix + 5 will be equal to x^ +(a +b) x'+ ab 
if ab « 3 and' a + b » -4. The only integers 
a, b which satisfy ab = 5 a^'e a = 5, b = 1 
and a - - 3, b = - 1. (a'= 1, b .= 5 and 
a = -1, b = -3 are also possibi,e, but provide 
nothing new.) a = -3, b = -1, also satisfy 
' ' a + b = -4'. Thus with a = -3, ^ b,= -1, . - 4x + 3 

is equal to x^ + (a + b)x + ab, and since 
. x^ + (a + b) X + ab = (x + a) (x + b) for all 
,a- and b, we have ^ 
x^ . 4x + 3 = [X + (-3)][x + (-1)] 



- 4x + 3 = (x> 3)(x - 1) 



Because of their usefulness in factoring the identities 
we have listed are sometimes called factoring identities . 
However any identity obtained by "multiplying out" several 
factors can, be used as a factoring identity Just as we have 
used those in our list. 

We stated that factoring is in?)ortant in connection 
with the solution of equations ^ This is a consequence of 
the following theorem. 

Theorem 2: 

If a = 0 or b = 0 then a*b = 0 
'If a.b = 0 then a = 0 or b = 0. 



Proof: To prove the first statementof the theorem suppose,^ 





say, that b = 0.' 


Then 






1 + 0 


= 1 


Additive Identity property 




a(l + 0) 


= a.l 


Substitution 




a*l + a*0 


= a-1 


Distributive propjerty 




a '+ 'Bi'O 


= a 


Multlp3,lcatlve identity property 


But, 


a + 0 


= a 


Additive Identity property 


So, 


a*0 


= 0 


Cancellation property of 
addition 


and avb 


= a'O = 0. 
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To prove the second statement suppose a b = 0: If 
a = 0 the theorem is proved. If a = 0 the theorem is 
proved* Suppose a = 0, The a*b = 0/ and by' the first 
statement of the theorem, a-0 = 0. Thus by. substitution 
a*b = a*0. Since a 0 it follows from the cancellation 
property of multiplication on that b = 0. , 

The two statements of Theorem 2 are usually combined 
in the single' statement: "a*b = 0 if ^and only' if a 0 
or b = 0." In words: " product is Bero if and only if 
one of its factors is zero." Notijce that "or" is.used, 
as'is customary in mathematics with "or both" understood. 



2 » • 

Example ; Find all solutions of the equation x - 4x + 5 = 0- 

2 

Solution ; We showed in the preceding exan5)le that x - 4x + 5 
= (x - 3)(x - 1) for all x. Suppose the given 
equation has a solution x. Then 

x^ - 4x + 5 = 0 

^> 

(s - 5)(x ^1) = 0 , 
so that by the preceding theorem, either . x - 5 < = 0 
, or^. X - 1 = 0. If X « 3 = 0 then x«5j if x-l=0 
then X = Iv Thus, if the .equation has a solution it must 
be either 5 or 1. By substitution we verify that both 
3 and 1 ^are solutions of the equation. 

Exercises 5a. 

P^ictor each of the following. 
• 1 . £LX -f ay ^ 

2. 5xV + 50 

3. 3bx - 6b^y - ' 



4. ■ l4cd + 6ce - 2cf 

5. y^ - 25 

6. 49 - 
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5. 


• 2 

y - 25 




6. 


49 - rr 




7. 






8. 


4x2 - 64 - 




9.' 


16 - 25a2 





10. 




4x + 4 


11. 


4x2 . 


■ 12xy + 9y' 


12. 




9x + 14 - 


15. 


y^. 


2y + 15 


14. 


14 - 


c 2 


15. 


y^. 


27 


16. 


x5 - 


64 


17. 




1 


18. 


27a^ 


- 1 , 


19. 


3 

ac-^ - 


. 64a 



20. 

21. 

22. 

23. 
24. 

25. 
♦26. 
27. 

28: 

29. 
♦50. 
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a(x +y) + b(x + y) 
x(a - b) - y(a - b) 
a-^ - a^ - a + 1 
(3x - y)2 - 9u2 
9 T 6ab - a^ - 9b2 

54a2b2 - 2a2b5 

6 6 ■ 
x" - y 

x^ + 5 X - 36, 



mx - 12njx + 56m 
a^ - 16 

36 - 25x2 + 4x^ 
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51. 
32. 

3^. 
35. 



80a^b^ - 5b 
al2^- .125c^ 5 
jnx + my + nx + ny 
bx - by + cx - cy 
- -Su - 5t + 



36: 


. x2. 


2 V 
y - X +.y 


37. 


8a^ 


• 

- 1- ■ ' 


38. 


24 


<v 2 

2y - y*" 


39. 




- 2S - ^ 1 


40. 


/ - 


llw -f-24 


41. 




- 1 ' 


42. 


•a*. 






y^^ 


2y^ - 5y - 10- 




a« - 


7a-^ - 8 ' /- 


45. 




- b ) + V^fh - A ^ 






1 1 ^ 2 
lea + a • 


47. 


4 

c - 


25 


48. 








27r3 


y + y 




ab^ - 


-ay^ 


51. 


•Slx^ 


" I6y2«2 


52. 


-3y^ 


+ I5y + ^2 


55. 


27a^ 


+ 8b^ 


5^". 


x2 - 


4x + 6xy - 24y 



'55. cx^^ - 2cx^ - 8c 



56. ' ^ 6m^ - 73ain + I2a^ ^ 

57. Jr^t + 192t^ . 

58. Sw*^ + 3w --lOwb - 15b 

59. ' 64a^b - 8b^ 

60. 8xV - 20x^y? - 12xV 

61. ' -Ja^ -'4a - 15 

62. ' bx^ + x^ - by^ - xy^ ' 
65. 1 + 49a^ - i4b 

64. 18 - 45x - 8x^ 

65. • av - 2bv + ScV - 7am + l4bm - l4cm 

66. 5k^ + 28I0V -12^^ 

67. 12x^ - 2^xV + 5y^ "' 

68. x^ - "9x^y + 27xy^ - 27y^ 

69. 4a^ - 21a^ - 25 

70. (c - d)^ - (a ~ 2b)^ 

71". 35(x^ - 3xy) - I5(x^y - 3y^) 

72. - (x + y)' + '(a .+ 3b)^ 

75. 6st - 9s^ + r^' - - lOr + 25 

4 2 

74. X - 2x'^ + 1 

75. (2x + 4)^ - 18 (2x + kf + 81 



Exercises 5b. , 

Find all solutions of the following equations. 
Check by substitution. 

1. y^ - 7y + 12 = 0 

2. x^ + 7y - 18 = 0 
5. x^ - 3x - 10 = 0 

4. x^ + 2a - 24 = 8 - 2a 

36 
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5. 
6. 

7. 
8. 

9. 



x'^-2x-8 = -9 
2 

X . - X + 1 =1 

2x^ + 3x + 1 = + 2x + 1 

25x^ 100 = 0 ' 

ax*^ = x'^ + 9 \ 



Exercises 5c . , 
1. 



2. 



"Multiply out" ■ (x +a) (x + b) and use the r«fsuiting 
identity to factor: . . . ' ~, 

(a) x^ - 5x^ + 4; '(b) x^ + 5x^ +^ 7x + 3; 
(c ) x-^ + 3x + 3x + 1 . 

Write an equation in x which has x = 1, x =' ^ and 
X = 3 as solutions, and has no other solutions. 
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6. Rational Numbers 

In the sy3tem\of integers the equation a + x « b 

always has a solutidn, but It is still not true that' the 
^ ejguation .a^x = b always has a solution if .'a / 0. Since 
' we have deflihed the quotient ^ as the solution of the 

equation a»x =='b, it follows that ^ does --not always have 

a 

^ meaning In the system of integers • . For exair^le, the 
elation 5*,x ^ 5 has no solution in the system of integers, 
and hence ^ has no meaning in this system* 

Again it is necessary to enlarge the nioiriber system. 
To do this we Join to the set of integers the set of all 
-fractions- ^ where, a . suid b are integers' and a = D. 

We then define addition and multiplication in this new set. 
The, new^ number system is palled the system of rational 
numbers . 

The system of rational numbers is am extension of the 
system of integers] that is, it contains the integers, and 
the operations of - addition and multiplication applied to 
integers yield the same result- as in the system of integers. 
Properties of the rational number system ; 'ftie system of 
rational numbers has all the properties of the system of 
integers, namely, the properties of a n\imber system and 
and the subtraction property. The additional property 
, which the system of rational numbers possesses is the- 
following* 

Division Property ; For all a a nd b, a / 0, there is a 
unique x such that a-x = b. 

As examples, consider the following equations which do not 
have solutions in the system of integers: 

5.x = 3, -7- X = 11. 



In the system of reational numbers these equations have 

ily. 
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the solutions ^ and -1^, respectively. 



'Nov; let us forget that we know the rational numbed and 
just suppose that we have some number system which is an ^^tension 
of the system of integers and which has the properties of a 
number system, the subtraction property and the luLvision property. 
We^ \;ill show that the rational numbers must be in this system 
and find the rules for operating with them. 

E^tercises 6a , 

Use the definition of division and ^e division property 
to prove* the following statements. 

1. ^ 1=1 a / 0 = 

2. f = a 5- 2 ' a 0. 
3- § = 0 . a 0. 

Multiplicative inverse elements ; According to ^the division 
property the equation 

a-x = 1 

has one and only one solution for each a except a = 0- For 
given Si ^ 0 we call the solution of this quation, which is 

denoted by ^ f the multiplicative inverse of a. The property 

1 / 
which 'defines — is thus - ; . ^ 

' . a-(i)Wl 

Observe that because of the commutative property of multiplication 
v;e have also . 

Definition qf multiplicative inverse : The multiplicative inverse 
of a is the number ^ such that (~-)*a ==a(-r) = 1 . 

For example, corresponding to the number 5 there is a number 
i with the property that 

and ^ = ^ is the onlY solution of the^ eqi^ation 

xo = 5*x = 1, 
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The symbol ~ is read "one over a" or "the reciprocal of a." 

Dlylslon and multlpilcatlve lny;i^rses ; Consider the "equation 
a«3c « b, a / 0. As in Sectio 



verses ; 



we denote the solution, of 



this equatioh by ^. Now, however, the symbol always represents 
a definite nximt^r for by the division property, the equation 
a^x a b'has a unique solution if a 7^ 0. Thus in our new 
system' division is an operation defined for all ordered pairs 
of numbers, except that .division by 0 is not defined. 

There is an important connection between division and 
multiplicative inverses similar to the connection between 
subtraction and additive inverses. 



<TOieorem 9- For all a ^d b, a ^ 0, ^ ' 



Proof: 



But 
So ■ 



a(|) 


= 1 


b[a(i)] 


= b-1 


b[a(i)3 


= b 


(ba)(|) 


= b 


(ab)(|) 


= b 


a[b{i)] 


= b 




= b 


b 
a 





Definition of multiplicative 
inverse 

Substitution 

Multiplicative identity 
element property 

Associative property 

Commutative property 

Associative property^--^ 

DefinitiOD-of" division 

.^vision property. 



since by the division property the equat;ion a*x = b has only 
one solution. 



shall refer to this theorem as the theorem on division 
state.e that division by a number is the same as multiplication 
by the multiplicative inverse of the niimber. 
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Equlvalen6e of fraction s; Before we go on to find the rules 
for addition and multiplication of fractions we have to make 
an important observation. The same number can be represented 
-by two different fraction symbols 

-s. 

JEheorem 10'. If oh^O, then | 

Proof: Let x = 

Then bx = a Definition of division 

c(bx) = ca Substitution 

(cb)x = ca ' Associative property 

^ " cl Definition of division 

This is the important Equivalence Rule for fractions. 

It is important to note that this rule can also be 
read from left to right (as can any equality) Jji the form 

If "0/0, | = 

In v/ords we can say: "If the numerator and denominator of a 
fraction are multiplied, or divided, by ^the same non-zero 
number the value of the fraction is unchanged." 



Exercises 6b. 



Use the equivalence rule for fractions to siii5)lify: 



5- 
5. 





6. 


a2 . 4 • 
■ 2 ■ 

2a + .9a + 10 






7. 


2a^ + a - 1 




ab 


6a^ . - 7a + 2 




9mny 


8. 


+ xy 
X + 3xy 




px - 9 


9. 






5x - lo 


■ 5 ? 

b"^ + ab - 23L 


.-^ 


a 4 b 


10. 


ax + ay - bx - 


by 


a - b 


am - bm - an + 


bn 



41 



Multipli cation of fractions ! The operation with fractions that is 
'^easiest to perform is multiplication. 

lilfiaCSffi 11- If bd / 0, then (§){t)=§f- 

SXStSli Let X = a/b and y = c/d 

Then bx = a and dy = c Definition of division 

V, , ' (bx)(dy) ^ ac Substitution 

{bd){xy) ac Associative afid commu- 
tative properties 

3o bd Definition of division 

This is the multiplication rule for fractions.. In words we' 
can say: "The product. of two fractions is a fraction whose numera- 
tor is the product of the numerators of the original fractions, and 
whose denominator is the product of the denominators." " 
Addition o£ fractions : We will find the rule ,for addition of 
fractions in two steps, first for fractions with equal denominators 
and then for those with unequal denominators. 

Ihgorgm 12. IL h ^ 0, than . § + § - 

Proof: ^ + ^ = a{l/b) v c{l/b) Theorem on division - • 

= {a + c) (l/b) Distributive property . 

a c 

= ^ Theorem on division 

This is the rule for addition of fractions with the same denomina- 
tor. In words: "The sum of two fractions with the same denomina- 
tor is a fraction with that same denominator and with a numerator 
equal to the aum of the numerators of the original two fractions," 
Mow consider any tv/o fractions ^ and ^ . According to the 

equivalence rule for fractiohs: 



and hence 



a = M Si ^ ^ 

b bd ♦ d bd 



a + ad ^ b<; 

b d bd bd * 
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But now the fractions on the right have the same denominator so 
that we may use the preceding theorem lo obtain 

a 4. £ ^ ad 4- be 

b d " btf 

which is the reneral addition rule for fractions. 
lL^oreini3- II bd / '0, the!i g + ^ = ^^^^ 

You v/ould find it very awkward to put this rule into words 
and, in faci.,' you w:ll probably solve problems by the method we 
used to establish the rule, so we describe the procedure "thus: "To 
add, two fractions^with different denominators, chancre them to equi- 
valent, fractions with the same denominator and use the rule for 
addinr; fractions with the same denominator." 

\i]\en a ' and b are intef;ers, b 0, the fraction a/b 
represents a rational number. Taking a,b,c,d to be integers in 
the three preceding theorems we obtain the rules for adding and 
multiplying rational number^. F.or example, 

^ 3^ 7 3-7 21 

3 7 3-7 3-7 21 ^ 21 

_ -H 15 _ JL 
21 21 

We emphasize,, however, th^t in these theorems a,b,c,d do not have 
to be integers, but may be any numbers in the system; in particular 
they m^y be nunbers represented by fractions. This is true, indeed, 
for aljl Lhe theorems we have stated in this and preceding sections, 
"since 'in the proof of these theorems we used only^ prooerties which 
hold for a31 numbers in our system. This remark is important for 
the rem.ainder of our discussion. 



E xercises 6c. " 

Sxnress as a sinn;le fraction and simplify: 







\ 














\ 
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I- 


1^ 


2 . 2 

3 3 


9. 


2 ^ 

3 Q 








r 


2. 

** • 


5 ■ ^ 


3 0. 


/. V 


2x 




/ 

/ 

/ 


.J 

/ • 
1 j 


3* 




11. 


^ + 


a 

b 




/'' 


1 ; 

{ ^ 
/ 

1 . 


4.. 




12. 


x+y + 


x-y 


/ 

/ 

/ - 




\ 
\ 


\.5. 
6. 




13. 


2x - 


3 , x+]3 


/ 




1 
1 


{x+2y) (2x+y) 
2 2 

3^ -y, . X 


L - 

a+3/ 


X ■ 3X-12 


/ 

/ 




i ■ 
\ i 

\ 1 


7! 


2 2 ? 2 
X-2XV+V , x'+xv+v 


15. 




+ ' — -*«■ 

a+1 








x'-y-' x-y 


'l+a^ 








0 . 


^ 4. i 

3 5 


/ 

/ 








1 

1 





Division ; ' Accordinp; to the theorem on division 

that is, to divide by a fraction we multiply by its multiplicative 
inverse. V/e use the following theorem to find the multiplicative 
invers-e of a fraction. 

Vheorern 14. For all a and b, ab / 0, / (^\ b 

/ ^b^ " a 

1/ a 

Py^opf ; By definition, / (^) is the unique solution of the equa- 

* a b 
tion (r) • X = 1. ;Ve show by substitution t?iat x = is a 
u 'a 



solution of this equation. Since the solution is unique we con- 
i/ a b 

' ' The details are left as an exercise 



elude that "/(f ) = ~ 



b' a 
(Exercises 6^, #1)-, 



Combining the theoren on division and the theorem wo have 
just stated, we obtain 

a / c ^ [-a-, rl/s.,-1 = a .. d , 
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and using the rule for multiplication of fractions we complete a ■ 
proof of- the following theorem. 

Th^2££in 15. £or all a,b,c,d, bed / 0, ' 

/a, ^ ad 

^b^ /^d' hji ■ , 

This theorem states a division rul^ for fractions. Usually, 
however, to divide fractions we follow the procedure with which we 
proved the theorem usin/^ the theorem on division and the theorem 
on the multi-plicative inverse of a fraction. 

Taking a,b,c,d to be integers in the division rule, we 
obtain a rule for dividing rational numbers. For example, 

^ 7 3, 5 3-5 15 • 
Again however, the theorems we have just proved hold when a,b,c,d 
represent any numbers in a system having the properties we have 
stated. 

Subtraction: According to the theorem on subtraction, we have 

I- (-f ) ■■ 

Thus, to subtract fractions we have to be able to find the additive 
inverses of fractions. The following theorem enables us to do this, 

Theorem l6. For all a and b, b 0. - (#) = 

Propf : By definition - (a/b) is the unique solution of the equa- 
tion (a/b) + X = 0. We verify by substitution that x = (-a/b) is 
a solution of this equation. Since the equation has only on6 
solution we conclude that -(a/b) = f-a/b). The details are left 
for an exercise (Exercise^ 6g, #2). 

Observe that we have. 

^b^ -b 



since 



J 



The preceding theorem, the theorem on. subtraction, and -he 
addition rule, enable hs to subtract any fYactiona,.., And in particu- 
lar, to subtract rational numbers. For example, 

-^-.,_2r_-2ii.-4r-±:J=iI- - 

3~ 5 ~ 3 5 3- 5 3-5 

_ 10 . z£ _ 10+ ( -9) _ J, . i 

- 15 15 ~ 15 15. .. i 



Exercises 6d. 

Perform the indicated operations and express the result in its 
simplest form. 

9. 
10. 



1. 
2. 
3. 



4. 

5. 
6. 

7. 



2/3A/9 
5/2/5 
7a/b/3a/2b 

/ x^z 



-2 . ^ 

10 5 

5 " 5y 



- 3 
yz 

x^ - 2x -15 / 12 - 4x 
x^- - 9 / x^ - 6y + 9 

(3 + |)/(f - 
3 i 

47t ■ 



11.. 
12. 

13. 
U. 

15. 



2ljl^ . y - $ 

X - 5 X + 5 

2L-L-1 „ 2L_tJL 
X + 2 X 

! ? + 3 - m 
m — 3 



X + 1 

X 



2 6x + 1 
^ - 1 " x2 - 1 

2x -••7 



1 - 2x 



4x^ - 1 



8. 



b ^ c 
ab + ac 



As a consequence of the subtraction and division properties, 
any equation of the form ax + b = c, a / 0, where a,b, and c 
are rational numbers, has a rational solution. Such equations are 
called linear equations. 



Example ! Solve j x 



2 + 1 L. 
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Solutfion : Suppose the equation has a solution x. Then 

fx = i.=a 
3 "28 



3 



(fx) . 



X = 



3 

? • 

-51 
35 



so that if the equation has a solution it roust be x = "^"^^S^. By 
substitution we verify that -5l/^^ is a solution of the equation. 

Summary : Let us look back at what we have done. We have supposed 
that there is a number system which is an extension of the system 
of integers and which has the subtraction property and the division 
property. We defined the rational numbers to be the solutions of 
the equations ax = b, where a / 0 and a and b are integers'. 
V/e then discovered the rules for ' operating with these rational 
numbers. These were the familiar rules, but they were not just 
stated or discovered by inttiition. They were obtained as logical 
conseqi^Qn^es of the properties of a number system and the subtrac- 
tion and diyiBion properties. 

We have. not said that the system of rational numbers is the 
only system havinp; the required properties. There are others. Our 
d^^scussion shows, however, that any such system must include the 
rational numbers, so the system of rational numbers is the smallest 
system of this kind. 

For reference we list below the properties, definitions, and 
theorems formulated in this section. 

Division property: For all a and b, a 7^ 0, there is a unique 
x such that a^x = b. 
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Definition: Multiplicative Inverse: Th^ multipl^nati v^ inverse qT 
* is tJig. njini^ l/a such tnat (l/a)a = a(l/a) = 1. 



Theorem 
Thedrem 


9: 
10} 


Z2C ill a 
IL - ch ^ 0, 


and b, ^a ^.0, b/a = b (l/a). 

then ^ 


Theorem 


11: 


II bd / 0, 


tisn (§)(§) . 11 


Theorem 


12: 


I£. b 7^ 0, 




Theorem 


13: 


IL -hd ji G, 




Theorem 


14: 


£21: ^ a 


and b, ab / 0, ° l/,a^ _ b 

^b^ a 


Theorem 


15: 


all a, 


b,cd, bed / 0, {§)/(§) = §^ 


Theorem 


16: 


For all a 


and b, b / 0, -(|) = • 



Exercises 6e. 

-Perfor-r. the indicated operations and express the result in its 
simplest forn. 

1 . 



1 

2 
3 

4, 

5. 
6. 
7. 

a. 

9- 



5 10 * 4 

21 + i< _ _x 

3 7 14 

a 3a 5^2 
1. 

5' « 

jgbi . 24cb 
30^ 

22£=i + 3v - 2x 

3x 2y 

x+2 



2x^-iy 3x^-9x 



x+v 
3m-9n 

x-1 
3?+l 



12 
x+y 

2 



x'^-1 



10, 
11. 
12. 

13. 

14. 



17. 



^ -. a ^ 2a 

a^-T4 -.l-a^ a^-l 



a - b - 



a^ . b^ 
a+'b 



2£zl 4x^ - Q 
x^-l/ 2x^ + x-3 

1 . 

m+2 2-n 



g . -?f l,$. . c^-6c + Q 
3a-ac 



15. X - ^4:^ r 3y 



16. 3x^-2^Y-Y.^ / (3x^ + 4yx + y^) 
X -y^ ■ 



a+6 
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5a^l 



12a + 5a-2 3a + 2 
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22. 



23. 



24. 



x-3 



X -6x+9 
7i 



21. 



2 ^3 

■:■ ■ I I Ml — 



^2 X y 



2x 



Exercises 6f . 

Solve the following equations. Check by substitution. 
1: 5x - 3/2 = 7/5 



2. 

3. 
4. 
5. 
6. 



f » 5/2 

x-3 3 4 
2y 2 
2x2 = 3x + 27 

X 3 2x + 2 

9x + 18 8 ^ 



Prove the following. 

1. "'■^b^ = I (Theorem 14) 

2. -(§) = =^ (Theorem I6) 

3* '^b^ ^d^ bd 



-46- 

The rational numbers can be represented by points on a 
straight line* To do this we choose two distinct points on the line 
arbitrarily, and label the point on the left v^th 0 and the one on 
the right with 1. U§ing the interval between t^hese points as a 
tinit of measure, and beginning^ at the point labeled with 1, we 
locate points equally spaced along the line to theVright, and label 
these points with 2,3,4, and so on. Similarly we Vocate points 
equally spaced to the left, beginning at the point labeled with 0. 
and label these points with -1, -2, -3, and so on# \ 

— ! — I \ 1 — HH — I — I i — I 1 — i — ! f— I 1 — I h-^^ — H 

-3-2-10 I 2 3 4 5 • e 

Starting with the line on which the integers r>re represented 
. we can lab^l other points by dividing the intervals into halves, 
thirds, fourths, and so on as indicated in the following diagram. 





'Mill — 


i 1 1 II 














H-H-H 


— n 1 i .1 . 





•2 










-1 








0 








1 




H 


2 


4 










2 






1 


0 


. 1 






2 


3 




4. 


~ 2 






2 




' 2 






2 




2 






2 


2 




2 


6 




5 




4 


3 




2 


1 


0 


1 

i 


2 






4 


5 


6 


3 




3 




3 


3 




3 


3 


3 


3 


3 




3 


3 


3 


3 


8 


7 




6 


5 


4 


3 




2 1 


0 


1 2 




3 


4 


5 6 


•y 
t 


8 


4 


4 




4 


4 


4 


4 




4 4 


4 


4 4 




4 


4 


4 4 


4 


4 



When every rational number is represented by a point on the line 
following this scheme, the line is called a number 13,r^e > . 

The representation of rational numbers by points on a number 
line is the basis of the definition of the or4 er relation for 
rational numbers. 
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Thft number a Ift ^^ft number b, avmbolleallv 

A < b» 3JUL Poii^^ SH ^ numbar ling which rgpraaenta a 
the left iiifi. point jfliifiJEl. repreaenta b. 

-For example, 1 < 3, -5 < -2, -3 < 1, f < J, - f " f * 
The atatement "b is greater than a", which is written symboli- 
cally b > a, is synonomous with "a is less than b". 

l|^arclaea 7a. 

Use one of the symbols <, >, or ■ to form a true statement. 
1.^. 6 .-3 11. . 6^2(2. 9S + 67.4) ^682(2.9S)+682(67.4) 

12. {-l).(-l)-(-l) r3*2*3^ 



2. -2 .-5 

3. -7 0 



4. d__0 13. f*|_fx-^ . 

5. 52*8 r32«9 .45 _.30 

6. 8.25 8.2 ^1^^ ^. (.20) 

7. -0.1 -0.01 ,45 ^ 15 __.30 

8. I I 17. 23 19 



9. -3 + 10_ 



^ IS. 23 19 + 4 

^ ~ ' .19. 15^ -1 

k5 20. 15 - 1 + 16 



A statement involving the order relation is called an ir^equaH" 
^« Inequalities are as important as equations in mat^hematlcs« We 
are going to formulate the fundamental properties of the order 
relation and show how these are used in operating with inequalities. 

.If a and b are two numbers then either the points repre^ 
senting them coincide or one is to the left of , the other. Thus 
either a » b, a < b or b < a^ and only one of these statements 
can hold. This simple but fundamental property is called the 
trichotomy property. ' 

Trichotomy prgpertY or^er^ IL a ^ *b ai^a. am 2^ numl^era 

-iJifill exactly 2Q& 21 ^ fpUwlng ll2l£lA: a " b, a < b, b < a. 
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The second fundamental property of order, the transitive 
property is also geometrically evident. 

TranaltlTft property 2£ fildSH: I£ a<b a&d b<d, the^ , a < c. 

For example, • since -5 < 0 it follows that if 0 < x then -5 < x. 

Suppose that we add 2 to every rational number. Geometrically 
this has the effect of moving every point on the niunber line 2 
units to the right, as shown in the following diagram. 




-4 -3 -2 



-I 



> 

Prom this diagram it is evident that If a < b, then a + 2 < b + 2. 
The student should draw similar diagrams showing the geometric 
effect of addition of | , -3, etc. These diagrams will serve to 
illustrate the following fundamental property. 



Addition property 2£dfi£: IL a < b, theq a c < b c. 



For example, since 2 < 3, it follows that 2 + x < 3 + x for 
all X. 
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gagrclaflg 7b. 

, Consider the ^^X. of rational 
numbers on the number line, A. 
Multi]}lying eac,^i element of the 
86t by '*'2 makes each point of 
line A correspond to a point 
of line B [mapping]. Notice 
that the order is maintained. 

2 > 1 and 2(2) < 1 (2) 
Now, multiply each rational 
number by -2. Show the mapping 
from A on to B. What has 
happened? Is 2(-2) > l(-2)? 




-4 -3 -2 - 



-I — I — \ — 
-4 -3 -2 - 



4 -3 -2 - 



2 3 4 



-\ — i 1- 

2 3 4 



H — I — r— B 
2 3 4 



1. 


If 


2. 


If 


3. 


If 


4. 


If 


5. 


^f 


6-. 


If 


7. 


If 


d. 


If 


9. 


If 


10. 


If 



Fill in one of €he symbols, (>, <), to make a true, sentence: 
> 2, then 3(5).. 2{5) 



-J(«) 
-0(-2) 



-be 
-be 
-be 
bc^ 



Tile, preceding exercises illustrate the. fourth and last funda- 
mental property of order. 



Multiplication property of order : 

i£ a < b yid c > 0, then ac < be. 
IL a < b aai e < O, then ac > Jjc. 
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Por example, from 1 < 2 it follows that: 1*3 < 2»3, 1'^ < 3*7 
and generally l»x < 2»x if x > 0; but 1» (-3) > 2» (-3), 
> 3.(- and generally l»x > 2»x if x < 0. 

We say that a number x ia_ poaltive if x > 0, and nagativ 
if X < 0. The addition and multiplication properties of order are 
often stated in words, as follows: "If the same number is added to 
both- sides of an inequality %he direction of the inequality is not 
changed**; »*If both sides of an inequality are multiplied by the same 
tx>gltlYe number the direction of the inequality is not changed, but 
if both sides of the inequality ai^ multiplied by the same negative 
number t a direction of the inequality is rerersed.** 

The order relation has many other properties, but all of these 
■folloif logically from the properties we hare stated and the proper- 
ties of the rational number system we stated i^i the preceding 
section. With the properties of a number system, the subtraction 
and division properties, and the four ftmdamental properties of 
order as postulates, every othel* rule concerning inequalities can 
be proved as a theorem . We present some examples of theorems we 
will use. 

, Theorem : - If a < b then a - c < b - c. 

Proof : a < b 

a -f (-c) < b + (-c) Addition property of order 
a - c < b - c Theorem on subtraction. 

Hiaacaai: JX c > 0 \^ ^ > 0 

XL c < 0 then ^ < 0 

Proof : "We will prove the second statement of the theorem.. 

Suppose c < 0. According to the Trichotomy property exactly one of 

the statements ^«0, *^>0, i<0 holds. We will show that the 
c c c 

first two are impossible, so that we must have ^ < 0» 
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If J » 0, then 

o.i » c»0 Substitution 

1 • c»0 Definition of multiplicative inverse 
1 » 0 Theorem 2 

which is a contradiction. Hence 2 " ^ cannot hold. 

If ^ > 0 then since c < 0 

< 0*0 Multiplication property of order 

1 < c»0 Definition of multiplicative inverse 
1 < 0 Theorem 2 
which is again a contradiction, so that ^ > 0 cannot hold. Since 

^ » 0 and ^ > 0 do riot hold if c < 0 we must have ^ < 0.. 
4. t c 

The proof of the firct statement of the theorem is similar. 

liiaatsia: IL a <h ^ c > o, iim f < ~ . 

I£ a < b ajr^ c < 0, then > ^ . 

£SSS2£.* We prove the second statement; the proof of the first is 
similar ♦ If c < 0, then 

J < 0 Theorem 
^.a > ^.b Multiplication property of order 

^ > ^ Theorem on division. 

,It is often convenient to use the. symbols < and ^ which are 
read '^less than or equal to" and "greater than or equal to", 
raspectively* a < b means that either a-b or a<b; b>a 
is synonomous. It is easy to verify that, except for the Trichotomy 
property, the preceding properties and theorems remain true if 
a < b Xb replaced by a < b. 

Every statement about inequalities can be proved using the 
fundamental propertie^j of order, the preceding theorems, and 
statements about specific numbers, such as 0 < 1, «3 < --2. In the 
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following examples we do not cite the properties and theorems which 
justify each step but we organize our solution so that the reasons 
for each step can be seen easily. ^ 

fisaUpiftS Show that if x aatisfies\he inequality 4x-3 < 2x+5 
then x.< 4. . \ ' . 

5aisi!(i2a: 4x - 3 < 2x + 5 

4x - 3 + 3 < .2x + 5 + 3 

4x < 2x + 8 

4x - 2x < 2x + 8 - 2x * 
2x < 8 

|.2x<i,8^ ' 

^ x<4 

2+1 



fijaiBfiia: Show that if > 1 then 0 < x < 3, that is, Q :> x 

and X < 3. 

^lution : We have 



2x 

2 (^) > 2-1 



Now we have to consider two cases. If x > 0 then 

x(^) > X.2 

X 3 > .?x 
x + 3-x>2x-x 
3 > X. 

If X < 0 then 
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X + 3X 2x • ' 

x + 3-x<2x-x 

3 < X : 
But X > 3 contradicts x < 0, so • x < 0 cannot holdjy Thus 
either x - 0 or x > 0. Since division by 0 is. not defined, 
the possibility x » 0 is excluded, and we have x > 0. Thus, for 
nil X satisfying the given inequality we have 0 < x and x < 3, 
We will generally use the notation a < b < c as an abbrevia- 
tion for the statement »a < b and b < c". Similarly, a <'b < c 
'means "a < b and t < c," and so forth. 



]^:i^erGi3eq 7c. 

For each of the following, show that if x satisfies the inequali- 
ty on the.left, it must satisfy the inequalities on. the right. 
2x 3 > 5x - 9 then x < U 
X + 5 < 4x - 1 then x > 2 



1. 


If 


2. 


If 


3. 


If 


4. 


If 


5. 


If 


6. 


If 


7. 


If 


a. 


If 



(2x + 5/x < 6 then x < 0 or x > 5/4 

61c + 13 < 28/x then x ^ 0 and -7/2 < x < ^ 



Exercises -7d. 



Prove the following 
1. If a > 1, then 


theorems 
a^ > a 




2. If 


a < 1 and 


a > 0, then 


< a 


3. If 


a < 1 and 


a < 0, then 


a < a^ 


4. If 


a > 0 and 


b > 0 and 


a < b. 


5. If 


a 0, then 


> 0. 




6, For all a, a^ 


> 0. 
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?• If + - 0 then a - 0- and b 

2 2 

8. For all a and b, ab < ^ ^ ^ ■ , 
[Hint: Consider (a-b)^J 
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^« &fi2LSL 2iC Numbers Graphs 

A 2l numbers is a collection (or class) of numbers speci> 
fled, by some cbn'^ition. The numbers in the set - that i^^he 
numbers which satisfy the condition which specifies the^|- are 
called t lament a or members of the set. / 

BaStfUP^gg The following are examples of statements which specify 
sets of numbers: 

(a) The set of numbers x. such that x^ » 4 - the elements of 
this set are 2 and -2. 

(b) The set of natural numbers x ,3uch that x < 3 - the elements 
/ of this set are 1,2 and 3. 

if) The set of rational numbers x such that 1 < x < 3 - the 
elements of this set cannot be lifted, but we can say for 
each number whether or not it is a member of the set. 2 / 

and . ^ are members of the set; -5, are not members. 

(d) The set of natural numbers - again we cannot list all the 

members of the set. 1,2,3 and so forth, are in the sat; 0, 
-1, 3/2 are not in che set. 

(e) The set of numbers in the list 1, 2/7, -3. 

It is convenient to have a notation for the phrase "the set of 

niMbers - such that We use the symbol [ ; \. 

With this notation we may write tne preceding examples as follows. 

Examples! 

(a) Ix : x^ =• 4l 

(b) {x : X is a natural number and x < 3I 

(c) (x : X is a rational number and 1 < x < 3I 

(d) [x : X is a natural number} 

(e) {x : X « 1, X - 2/7, or x = -3} (In this case we write more 
briefly {1,2/7,-3}; we will use a similar notation whenever 

53 
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a set is specified by listing its members. ) 

We will often denote sets by capital letters. In particular, 
we denote the- set of natural numbers, the set of integers, and the 
set of rational numbers by N,I, and R, respectively. We "introduce 
the curious notion of a set which has no members, which we call the 
flfflP^Y SSk, and which we denote by the symbol 0 ; you will see in a 
moment why this is ^a useful notion. 

Every statement about a number x specifies a set, namely, 
thft of nvunbers for which the statement is true. If the state- 
ment' :'i&^not true for any number, the set specified is the empty 
sJct, ' 0 . For example, [x : x > 0 and x < O} is the empty set. 

The ££aEii of a set of numbers is the collection of points on 
the number line which represent the members of the set. We will 
sketch the graphs of the sets we have discussed as examples. 



Examples: 
(a) Ix : 



4} 



■4-3-2-10 I 2 3 4 



(b) {x : X is in N and x < 5] 



H h 



-4-3-2-10 I 234 



(c) { 



X 



xs m 



R and 1 < x < 3 } 



-4-3-2-10 I 2 3 4 



(V/e draw circles around the points 1* and 3 to emphasize 
that they are not in the set. ) 

(d) [x : X is in Nl , . ^ , 

-4-3-2-10 1 2 3 4 

(We draw an arrov/ on the right to indicate 'hat the 
graph continues to the right.) 



(e) {1, 2/7, -3l 



-! » 1 1 HI — ♦ 1 1 1- 

4-3-2-10 I 2 3 4 
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' We say that two seis A and B are eoi^ a , !,. and write A " 
if they have exactly the same elements. For example: 

{x : ■ 4} ■ I2, -2}. If every member of the set A is also a 
member of the set B we say that A XsL contatqed Aft B, or B 
contains A, and write A C B. For example! {l, 3} C{l,2,3}; 
ICR* 

If every member of A is a member of B and every member of 
B is a member of A, then A and B have exactly the same 
members; that is, if ACB and B C A then. A « B. We usually 
show that two sets are equal by using '^his fact. 

The set of all numbers which satisfy an equation or inequality 
is called the solution set of the equation or inequality. For 
example: {x : 2x ■ 3} « I3/2} is the solution set of the equation 
2x » 3; {x : 2x < 3} « {x : X < 2/3} is the solution set of the 
inequality 2x < 3. If the solution set of an equation contains 
all the numbers in a number system, the equation is an identity in 
the system. For example, the solution set of x + 2 ■ 2 + x, 
{x : X + 2 = 2 + x}, is R, so that this equation is an identity 
in R. , 

Example )(f): Find the solution set of 2x - 1 < x, and sketch its 
graph. - ' 
Solution : If X is in |x : 2x - 1 < x} then 

2x - 1 < X 
2x-l-x+l<x~x+l 
X < 1 , 

3o that X is in {x : x < l]. Thus 
Ix : 2x - 1 < x} C (x : X < 1}. 

Suppose now that ^ is in [x : x < l}. 

Then 

X < 1 

x + x-l<l+'x-l 
2x - 1 < X 

so that X is in [x : 2x - 1 < x}. Thus {x ; x < l} C 
Ix : 2x - 1 < x} 
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Sihce the solution set of 2x - 1 < x is contained in and contains 
Ix 5-^ < 1] it is equal to (x : x < l}. ^ 

The graph of the solution set {x : x < l} is sketched below. 



<-i — I — I — I — I — h 



-2 



c 



H H 



lai 



Graph sketching is helpful in the^discussion of statements 
involving the absolute value of numbers. 

Definition o^; absolute value; absolute value of a, denoted 

bx |a|, isgivgnbs:. ' ' 

a if a ^ 0 

l^-a if a < 0 

The notion of absolute value has a simple and important geo- 
metric interpretation. If we regard the rational numbers as points 
on the number line, then jaj is the distance of a from the 
origin 0. The distance between any two points a and b is . , 
ja -.bj. For example: the distance between 3 and 5 is 
I5-3! " |2i ■2»j-2| » |3-5j; the distance between -1 and . 
-4 is 1-1 - (-4)1 « 1-1 + 41 « !3l - 3 - |-3l - 1-4 - (-1)1; 
the distance between -1- and 3 is j-1 -3] ■ j-4j » 4 " j4j ■ 

13 - (-1;!. 
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Example (g): Sketch the graph of {x : jx - 3| < 5} 

Soluti^on ! We have to consider two cases x > 3 and x < 3 since 

"if X ^ 3 then X"3>Oand|x-3|«x-3 

and 

if X < 3 then x r 3 < 0 and !x-3|--{x-3)" 3-x. 
We suppose first that x > 3, nhat is, we find the part of the 
graph of Ix : |x - 3I < 5} whljh is to the right of 3 (or is 
3 itself). We have 

|x-3l<-5 
X - 3 < 5 
x < 8, 

■ 61 
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. so that the graph to the right of 3 is the graph of 
{x 3 ^ X < d}, which we sketch below. 

0 I 2345678 

Now suppose X < 3. Then 

|x - 3l <'5 
- (x - 3)'< 5 

3 - 3fc < 5 
3 - 5 < X 
-2 < X , 

so the part of the graph of [x : Jx - 3J < 5} to the left of 3 
is the graph of {x : -2 < x < 3}. The sketch of this graph is 

( II I MH>--HH>H>- 

-5 -4 -3 -2 -10 1 2 3 4: 5 6 7 8 9 
Thus, the graph of {x : |x - 3j < 5} is 



- ! I II I I I I II 



-2~~-1 0 



2 3 4 5 6 7 8 



Exercises 








Find tJhe 


solution 


set 


of each of the following 


1. 


[x : 


X 


is in 


N 


and 2x^ < 50} 


2. 


Ix : 


X 


is in 


N 


and 2x - 4 < IC} 


3. 


ix : 


X 


is in 


I 


and 6 < X < 3} 


4. 


ix : 


X 


is in 


R 


and (2x - 5)(3x - 6) « 0} 


5. 


[x : 


X 


is in 


N 


and (x-4){x + 3) < 0} 


6. 


Ix : 


X 


is in 


R 


and 5x - 4 > 7x + 9} 


7. 


{x : 


X 


is in 


R 


and 22^>.5i-^] 


8. 


{x : 


X 


is in 


R 


and (x + 4)^ > 36} 


9. 


Ix : 


x^ < 9 on 


x^ 


' > 25] 


10. 


Ix': 


2L 


X ^ 




11. 


Ix : 


2 


- 1 > 3 


- > 


:} 


12. 


Ix : 


X 


- x^ 







13. |2x + 3l > 1 

14. Jx + 41 < 2 

15. jxj > -2 
■16. j2x - 5| > 3^ 

E xarciaes 8b 
Prove the following theorems. 

1. For all a and b, ja - b| ■ jb - a| 

2. For all a and b, |abi « Ja| Jb| 

3. For all a and b, except b = 0, J^{ - 



9. Real Numbers 

In the system of rational numbers every linear equation, 

ax + b « c, a. 0 

has a solution. The next simplest kind of equation is the quad- 
ratic equation 

ax +bx+c«0^ * a/O 
Here again we run into trouble^ Even the most simple quadratic 
equation may not have a solution if the only numbers we have are 
rational numbers.. The equation 

x^ - 2 = 0 

does not have a rational solution because there is no rational 
number whose square is 2. 

This last statement seems difficult to prove. How does one 
prove that an equation does not have a solution in a certain num- 
ber system ^except by testing every number in the system? Although 
it required genius to discover the proof, the proof is veiry easy 
to understand. All that is required is a precise definition of 
even integer and odd integer. An integer p is even if and only 
if p « 2m where ra is an integer, and odd if and only if ^ 
p * 2m + 1. Now you can easily show that the square of an even 
integer is even and the square of an odd integer is odd. From this 
it follows that if the. square of an integer is even the integer 
must also be even. Why? It also follows that everv rational nupi- 
J2fi£ £M ISSL written ^ p/q where P ^ q ^ integers Q2t both 
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« 

JUL are siSSk* Why? 

Now suppose that the equation 

» 2 

has a solution in the system of rational numbers. Then x is a 
quotient of two integers. Let p and q be any two integers 
such that X » p/q and substitute in equation » 2. Then 

(?) - 2 



S 



2 



2 ' 
which states that p , and therefore p ' is even. Since p is 

eveil, p « 2r and substituting in the equation p^ « 2q^ 

{2r)^ - 2q^ 

4r2 - 2q2 

^22 
2r « q^ 

• 2 

-so that q , and therefore q is even. Thus if -the -equation 
2 

ax^ + bx -f c = 0, a / 0 has a rational solution it must be a 
^ number x such that if x p/q where p and q are integers 
then p and q are both even. But there is no such number. 

Since there are quadratic equations with no solution in the 
system of rational numbers a logical step in view of our previous 
discussion would be to look for the simplest possible extension of 
the system of rational numbers in which every quadratic equation 
has a solution* This is a possrkile approach, but if we' followed it 
we would have to face the possible need of more extensions when we 
consider cubic equations, quartic equations, etco In fact, this is 
not the way the number system developed historically* The exten- 
sion of the number system which was used in algebra after the 
rational numbers was the system of real numbers. 

The real number system can be described as a system of numbers 
which is an extension' of the system of rational numbers, which has 
the subtraction, division, and fundamental order properties and 
which gilso has the property that to every real number there 

u c ^ 



corresponds a point on a -line In such a way that two different 
points correspond to two different numbers; and every point corres-^ 
ponds to some number# The property ii^ich distinguishes the real 
number system from the rational number system is this last state<- 
nent that eyery point corresponds to some real number #* How did a ' 
number system having this geometric property come to be considered? 

We know that there is no rational number whose square is 2» 
Ve Qsui however with straight edge and compass construct a right 
triangle with legs of length 1* If there were a number whose 
square is two then by the Pythagorean Theorem^ the hypotenuse of 
this triangle would have that length* Transfering this hypotenuse 
to the number line we mark a point, rb^ in the following diagram* 




-2 -I 0 *l 2 ^ 



Thus there^ is a point on the line which does not represent a 
rational n\wber^ [ 

Historically, this led to the idea of assigning a number to 
every point on the line. The numbers represented by points which 
did not represent rational numbers were called irrational numbers* 
The set of rational and irrational numbers was called the set of 
real numbers. 

The operations of addition, multiplication, subtraction and 
division of positive real numbers can defined geometrically as 
indicated in the following diagrams. 
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Multiplication 



Division 



Operations with negative real numbers can be performed in terms t)f 
operations v/ith positive real numbers, using the same rules as for 
the rational numbers- In this way we obtain- a system of numbers 
with the geometric property we stated. 

The picture of the system of real numbers which this con- 
struction provides seems clear enough, except for one question* 
How do we obtain usable, that is, rational, approximations to 
irrational numbers? The process of physical measurement which 
seems to be required is unsatisfactory because of its non-mathe- 
matical character and because of its unavoidable lack of precision. 
To answer this question let us first see how the approximation 
process could be carried out geometrically in a systematic v;ay. 

Suppose that we wish to approximate a real number r between 
2 and 3. V/e write 

2 < r < 3 

and subdivide the interval from 2 to 3 into ten equal parts. Now 
suppose r lies in the third subinterval. Then 



■ • - « 

r , - 63 - ■ »' 

f 2.2 = 2 + ^<r<2 + 3^»2;3 

Subdivide the interval from. 2. 2 to 2.3 Into 10 equal parts and 
suppose that r lies in the fifth subinterval. Then 

2.2U = 2 + yE + < r < 2 + + -Ay = 2.25 

If we continue- this process indefinitely we obtain an infinite 
decimal a. a^^ ag . . . a^ . . . , where a^^ = 2 Is the first pldce digit, 

ag « 4 is the second place digit, and ' a^ is' the digit in the 
• n-th place, with the property that, no matter how large n is, 

10*^ lo'^ - • 10'^ 10*^ 10 

HilB infinite decimal represents the number r in tbe sense that 
by breaking off the decimal far enough out we obtain a rational 
approximation to r with an error as small as we wish. ■ 

The idea of an infinite decimal may seem difficult to you. 
How can we Iqiow infinitely many places of a decimal? - Let us make 
the proposition more general. An infinite decimal may be regarded 
as an Infinite sequence of numbers, where by a sequence of numbers 
we mean a set of numbers given in a definite order; How can we 
know any' infinite sequence of numbers? We cannot specify the 
sequence by writing down all of the numbers in it since there are 
infinitely many of them. But the sequence is specified and there- 
fore known if there is a definite' rule which enabled us to deter- 
mine as many of the numbers in the sequence as we wish. The 
'geometrical procedure described above is one kind of definite rule 
whicfi enables us €o determine as many places of the infinite 

decimal of a real number as we wish, and vriiich th€«»efore specifies 
the Infinite decimal. , 

The rule which specifies an infinity decimal 'may be more or 
less simple. Ihe infinite decimal of . a rational number is always 
periodic, that Is, after a certain point the same block of digits 
is repeated indefinitely.- For example, the infinite decimal repre- 
. sentatlon of 2/7 is .28571^28371^28571^ ... where th^ bTock: of 
digits 285714 is repeated Indefinitely. In this case one can 
easily tell what the digit in any given place is. A mere difficult 
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kind of^rule specifies the infinite decimal .123^5678910111213 
which is obtained by vn?iting all the natural numl^er^-^-ifOS^cession. 
This is the infinite decimal of an irriational number. He3^e we can 
again determine what digit' ts irjt any giVen plact, but with more 
difficulty than 'in the , case of a rational number^ A still more 
difficult rule is that which determines the infinite d&cimal of 
which we will describe below. 

The valu-- of the idea of the infinite decimal representation 
of a real number is that the defcimal can be obtained in a purely 
arithmetic way, without using the picture furnished by the .number 
line. For, suppose that we have already determined the decimal of 
r to three places a, a^ a^ a^. Then we have only to compare r 
with the numbers a. a^ a^ a^ 1, a. a^ a^ a^ 2, a. a^ a^ 9. 

If the first of thfese which is greater than r has ^7 in the fourth 
place for example, then the fourth place digit is 6. If all are 
smaller than r then the fourth place digit is 9. If ^ is speci- 
fied by. some algebriic. property then we can use this property and 
algebraic theorems jto make the comparisons. 

As an example,* we shall find the first few places of the 
decimal of is defined by the equation ( v^)^ = 2. We 

will use the theorem that if a and b are non-negative numbers 
and a^ < b^ then a < b. This is easy to prove, but we will put 
the proof off until later. We compare 2 witTi.the squares of 
integers and find 

1" = 1 < 2 < 4 = 2^ 
Next we compute (l.l)^. (1.2)^ ... (lo'^ and find 

(1.4)2 ^ ^^^^ ^ 2 < 2.23 - (1.5)^. 

Co '^".inuing we find 

2 p 
(1.41) - 1.9681 < 2 < 2.0264 =k (1.42)'' 

(l.4l4)2 1.999396 < 2 < 2.002225 (1.415)^ 

(1.4142)2 = 1.99996164 < 2 < 2.00024449 = (1.4143)^ 
so thet 

(1.4142)2 < (/?)2 < (1.4143)2 

and 



1.4142 < '/i < 1JU^3. 

(i 8 



Itie decimal oH J2 correct to four places is therefore lAlh2. It 
is important to realize that, although it would be extremely labori- 
ous we could use this procedure to determine as many places of the 
decimal of as we desired. We could^ in particular, calculate 
the digit in the one millionth place pf No one has ever - 

calculated this digit and it is highly unlikely that anyone ever 
will. But this is irrelevant. What is important is that if we 
wished we could calculate that, digit. 
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Exercises 


2b, 


page 


3. 






1. 


a * 


ves 

jr ^ 










b. 


no J 


2 « 


= no nattifal 


mimbpT* 




•c. 


yes 










d. 


no ; 


3x = 


: 2 has no solution in the set. 


2. 


a. 


yes 










b. 


yes 








3 




no ' 




of any two odd 


numbers is even. 




b 


J CO , 


f ?n + 


l)(2k + 1) = 


kkn + 2n + 2k + 1 












2(2k + n + + 1 












2k + 1, odd 


h 




no ; 


( + 


h 






b. 


no; 


2 X 


5 
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Sxerclses 2c , page 5,6. 

1. a. Distributive law 

b. False ^ 

c. Addition is commutative • 

d. False 

e. Multiplication is commutative. 

f. 'Multiplication is associative. 

g. False 

h. Addition Is commutative 

i. Addition is commutative 
j. Addition is associative 

k. Multiplication is commutative 

J^. Distributive principle 

m. Addition is commutative 

2. One must distinguish here between number and decimal 
representation of that number • At this stage, number 
is of primary concern, so that the answer intended was 

7 + 5 + 3 = (7 + 5) + 3 = 12 + 3 = 15* 

However, the associative property and the commutative 
property for addition gives 

(7 + 5) + 3 = 7 + (5 + 3) 

=(3 + 5) + 7 



Exercises 2d , page 7. 

1. 2 + 2 = 2 + (1 + 1) 
= (2 + 1) + 1 
= 3 + 1 

= h 

2/ The distributive law: 
(20 + 3)(32) 



Definition 

Addition is associative 
Definition 
Definition 



20-32 + 3-32 
64o + 96 
736 
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Exerclses 2d , (cont'd.) 

3. 23-8 = (2-10 + 3)8 

= (2-10)8 +3-8 

= 2(10-8) + 3-8 

= 2(8-10) + 3-8 

= (2-8)(l0) + 3-8 

= (16) (10) + 24 

= (10 + 6)(10) + [(2-10) + k] 

= [10-10 + 6-10) + (2-10)] + 4 

= (10-10 + [(6-10) + (2.10)]) + 4 

= (10-10 + (6 + 2)(10) ) + 4 

= [100 + (8) (10)] + 4 

= 184. 

4/ (a) 13 + 25 = [1(10) + 3(1)] + [2(10) + 5(l)] 
13 + 25 = [1(10) + 2(10)] + [3(1) + 5(1)] 
= 3(10) + 8(1) 
. =38 ^ 

(b) 38 + 44 = [3(10) + 8(1)] + [4(10) + 4(l)] 

= [3(10) + 4(10)] +[8(1) + 4(1)] 

= 7(10) + 12(1) 

= 7(10) + 1(10)-+ 2(1) 

=; [7(10) + 1(10)] + 2(1) 

= 8(10) + 2(1) 

= 82 

(c) 16 X 13 = [1(10) + 6(1)]. [1(10) = 3(1)] 

= [1(10) + 6(1)]. 10 + [1(10) + 6(1)]. 3 
' [1(100)+ 6(10) + 0(1)] + [3(10) + 18(1)] 

= [1(100)+ 6(10)+ 0(1)]+[3(10) +(l-10+8).-l ] 
= [1(100) ,+6(10) + 0(1)] + [+4(10 + 8(1)] 
^ = 1(100) + 10(10) + 8(1) 
^ = 2(100) + 0(10) + 8(1) 
= 208 

(d) - (h) These solutions may be obtained In a manri<3r simil;.r 
to that illustrated above. 

o 72 
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Exerclses 2e, page 11. 





Answer 


Cancellation law 


1. 


0 


Addition 


2. 


9 


Multiplication 


3. , 




Addition 


4. 


No solution 


in set of whole numbers 


5. 


0 


Multiplication 


6. 


No solution 


in set of whole numbers 


7. 


1 


Addition 


8. 


16 


Multiplication 


9. 


5 


Addition and Multiplication 


10. 


No solution 


in set of whole numbers 


11. 


42 


Addition and Multiplication 


12. 


No ■ solution 


in set of whole numbers 



Exercises 3, page 15. 

1. 2{5a + b) + 3(b + 2a) 

= (10a + 2b) + (3b + 6a) 
= 10a + [2b + (3b + 6a) ] 
= 10a + [(2b + 3b) + 6a] 
=. 10a +. [5b + 6a] 

= 10a + [6a + 5b] 
= (10a + 6a) + 5b 
= l6a + 5b 

2. (3x)(2y) = (3)(2)(x),(y) 

= (3-2)(xy) 
= 6xy 

3. (x + 3)(2x 4- 3) 

= (x + 3)2x + (x + 3)3 
= (2x^ + 6x) + (3x + 9) 

= 2x^ + [6x + (3x + 9) ] 

= 2x^ + [(6x + 3x) + 9] 
= 2x^ + 9x + 9 



Distributive law 

Associative law of addition 

Associative law of addition 

Distributive law, and 
addition tables 

Commutative law of addition 

Associative law of addition 

Distributive law 
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h. a + 3(a +4) = a + 3a + 12 

= a(l + 3) + 12 
■ = 4a + 12 

5. x^y + 5 + 3x^y + 2 = 4x^y + 7 

6. 2a(b + 2) = 2ab + 4 a 

7. 9a^ + Sb^ . • 

8. Ipx^ + 31x + 36 

9. (x + a^x + (x + a)b = x + ax + bx ab 

Note: The teacher should point out that this csin be 

written in the form 
o 

X + (a + b)x + ab ' 
and that in this form it is most usable. 

10. (a + b)x + (a + b)y = ax + bx + ay + by 

o 

11. (ax + b)cx + (ax + b)d = acx + box + adx + bd 

Note: The teacher should point out that this can be 
written in the form 

acx + (be + ad)x + bd 

and that in this form it is most usable. 



Exercises ha, page 17. 



1. 


-5 


2. 


None 


3. 


-9 


4. 


-9 


5. 


None 


6. 


None 


7. 


-3 


8. 


None 
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Exerclses 4b , page 20, 21. 

1. 24 

2. 24 

3. -4 

4. -12 

5. -2 



6. 188 

7. 6-a 

8. --I6a 

9. 2x + 4 
10. 2 



Exercises 4c , page 22. 

1. -10 

2. 10 _ , 

3. 80 
-15 

5. 6 



6. 0 

7. 4x - 5 

8. -6 

9. 0 

10 e ' 2(a + b) 



Exercises 4d, page 25,26. 

1. -a + b 

2. X - 5y 

3. 5x - 5y 

4. 4x - 3y ■ 

5. 4x 

6. ab 

7. 12x + 12y - l8z 

8. 6x^ - l4x 

9 . ■ lOx^ - 4x^y 

10. x^ - xy - 2y^ 

11. 6x^ - 7xy - 207^^ 

12. 9x - 3x^ - 9x 

13. 30a^b^ 

14. - 9y^ + 24y - 20 
ly. 4c^ + 19c^ - 29c + 6 
16. 3x^ - 12xy^ 
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Exerclses 4d, 

17. ""^ 
18. 

19. 
20; 
21. 
22. 
23. 
■24. 

25. 
26. 

27. 
28. 



29. 



30. 
31, 
32. 
33. 

3^^ 

35. 
36. 



(cont'd.) 
kx'' - 20xy + 25y^ 
8x^ - lOx - 3 

2b2 - 'a 

9a^ + iBab + 9b^ 
ki.^ - 25b^ 
6 + 2y + 3x + xy • 
x"^ + 9x^ + 26x + 24 
(a + b)^ - 

9x^ - 6x(y - z) + (y - z)^ 
(2a + b)^ - 3(2a + b) - 10 . 
9 + 3(r + s + a + b) + (r + s)(a-i-b)^ 



(2x 
, 4 



(y - m + n)' 

y)^ - 



- (2b + ly 

-8y3 



x3 

0 

+ 125 

.2 



- 4rs 



4rt + 2st 



+ 2xy + y 
2 



2ab + 2b 
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Exerclses he, page 26. 

1. (x + y) - y = (x + y) + -y 

= X + (y + -y) 
= X + 0 



4. 



5. 



= X 



2. (x - y) + y = 



(x + -y) + y 
= X + (-"y + y) 
= X + 0 

= X' 

X - (y + z) = X + -(y + z) 
= X + -y + -z 
=(x + -y) + -z 
=(x - y) - z 

To prove x - (y - z) = (x 

X - (y - z) 

= X + -(y + -z) 

= X + -l(y + -z) 

= X + (-1-y + -l--z) 

= (x + -l*y) +• -l*-z 

= (x + -y) + -1--Z 

= (x + -y) + z 

= (x - y) + z 

.-.x - (y - z) = (x - y) + z 



Theorem: a - b = a + -b 

Associative law 

y + ~.y = 0 meaning of 
additive inverse 

0 the additive identity 

Theorem: a - b = a + -b 
Associative law 
y + -y = 0 > 
Additive identity 

Theorem: a - b = a + -b 
-(a + b) -a > -b 
Convention 

Theorem: (a+-b)=a-b 

y) + z 
Theorem: b + -a = b - a 

Theorem; -1(a) = -a 

Distributive property for 
multiplication over 
addition 

Associative property for 
addition 

Theorem:"" -1(a) = -a 
Theorem: -l(-a) = a 
Theorem: b + -a = b - a 
. as a consequence of the 



above properties and theorems . 
To prove (x + y) - z = x + (y - z) 



(x + y) - z 
= (x + y) + -z 
= X + (y + -z) 

= X + (y - z) 

.'. (x + y) - z = X + (y - z) 
abo/e property and theorem. 
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Theorem: b -f -a = b - a 

Associative property for 
audition 

Theorem: b -f -a = b - a 
as a consequence of the 
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Exercises 4e« ' (cont'd.) 

6. Saime as number 

7. (x){y)(-z) ='(x)[{y)-(-2)] 
= (x)[(-z).(y)] . 

= (x)[-(zy)] 
=(xy.[-(yz)] 
= [-(yz)](x) 
.= -[(yz)(x)] 
= -(xyz) 

8.. (-x)(y)(-z) = (-x)[(y)(-z)] 
= (-x)[(-z)(y)] 
= (-x)[-(zy)] 
= (-x)[-(yz)] . 
• - xyz 

9- a(b-c) = a{b + -c) 
= ab + (a) (-c) 
= ab -f (--c) (a) 
= ab - ca 
= ab - ac 

10. (a - b)^ = (a - b)(a - b) 

= (a + -b) (a + ~b) 

= (a + -b)a + (a + -b)(-b) 

= a^'^ (-b)(a) +a(-b)+ (-b)^ 

p 2 
= a -f -ab + -ab + b 

= a^-f (-ab)(l + 1) +b^ 
= a^ - ab(2) + b^ 

= a - 2ab + b^ 



Associative property 
Commutative property 
Theorem: (-a)(b) = -(ab) 
Commutative property 
Comn)utatlve property 
Theorem: (-a)(b) = -(ab^ 
Commutative property 

Associative property 
Commutative property 
Theorem: (-a)(b) = -(ab) 
Commutative property 
Theorem: (-a)(-b) ^ ab^ 

Theorem: b +.-a = b - a 
Distributive property 
Commutative property 
Theorem: (-a)(b) = -(ab) 
Commutative property 

2 

Definition: a = a*a 

Theorem: a + -b = a - b 

Distributive property 

Distributive property 

Theorem: (-a)(b) = (a)(-b) 

= -ab 

and (-a)(-b) = ab 

Distributive property 

Pact^ of arithmetic 
Theorem: a + (-b) = a - b 

Commutative property 
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llv (a + -b)(a + ba + b ) Commutative property 

Theorem: a - b = a.+ -b 



= (a + -b)a +(a+ -b )ba 4- (a + -b)b'' Distributive property 

3 2 2 2 2 3 

= a + -ba + ba + -b a+ ab + -b Distributive, property 

3 3 

= a -f -b Commutative property and 

additive inverse 

3 3 

= a - b . Theorem: a + -b,= a - b 

12, (a + b)(a^ + -ba + b^) 

= (a + b)a^ + (a + b)(-ba) + (a 4- b)b^ 

= a^ + ba^ + (a)(-ba) + b(-ba) + ab^ + b^ 

= a^ -f ba^ -f (a)(.-ab) + -t^a ^ ab^ + b^ . 

3 2 2 P P • 3 

- a^ + a b - a b - ab"^ + ab"^ + b^ 

3 w3 
= a + b 

13* b + (-a) = (-a) + b 

= (-l)a + -(-b) Theorem: -(--a) = a 

= (-l)a + (-l)(-b) 
= (-l)(a + -b) 

-(a - b) Theorem: a+-b = a - b 



Exercises 5a > page 29-32. 



1. 


■ a(x + y) 


15-. 


2. 




16. 


3. 


3b(x - 2by) 


^ 17.' 


h. 


2c(7d + 3e - f) 


18. 


5. 


(y - 5)(y + 5) 


19. 


6. 


(7 - x)(,7 + x) 


20. 


7. 


(3a - 4b)C3.a + 4b).. 


21. 


8- 


h{x - k){x + h) 


22.'* 


9. 


()i _ 5a) (4 + 5a) 


23. 


10. 


(x + 2f ■ 


24.' 


11. 


(2x - 3y)- 


25. 


12. 


(x + 7)(x + 2) 


26. 


13. 


(y - 3)(y + 5) 




1'4. 


(7 + w)(2 - w) 


27. 



(y + 3)(y2 - 3y + 9) 
(x - ii){x^ + kx + 16) 
(c + l)(c^ - c + l)(c -c^+l) 
(3a - l)(9a^ + 3a + l) 
a(c - 4)(c^ + 4c + 16) 
(x + y) (a. + b) 
(x - y)(a - b) 
•, (a + l)(a - l)(a.- 1) 
" (3x - y - 3u)(3x - y +-3u) 

(3 - a - 3b)(3 + a + 3b) 
2a^b^(3 - b)(9 + 3b + b^) 
(x +y)(x -y)(x^ -xy + y^) 
(^ 

(x + 9)(x - 4) 



(x^+xy +y^) 



4 

79 



-7r- 



ERIC 



Exercises 5a ♦ (cont'd.) 

28. m(x - 6)^ - 

29. (a^ + 4)(a + 2) (a - 2) 

• . . 30. (3 - 2x)(3 + 2x){2 - x)(2 + x) 

31. 5b(4ab + l)(4ab - l) 

32. (a^^ - 5c5)(aQ + 5a^5 + 250^^) 

33. <m + n)(x + y) 

34. (b + c)(x - y) 

35. (t + u)(t^ - tu+ - 5) 

36. (x,- y)(x + y - 1) 

37. (2a - l)(4a^ + 2a + l) ' 

38. (6 + y)(4 - y) 

39.. (3r - s - l)(3r + s + l) 

40. (w - 8)(w - 3) 

41. (3c - l)(3c + 1) 

42. (a^ + l)(a + 2)(a - 2) 

43. (y^ - 5)(y + 2) 

44-. (a - 2)(a^ + 2a + 4)(a + l)(a^. 

45. ^a - b)(x - y)(x + y) 

46. (8 '- 

■ ^. (c^ + 5)(c^ - 5) 

48. (c + d)(c^ + cd + d^) 

49. y(3r + l)(9r^ - 3r + l) 

50. a(b + y)(b - y) 

51. (9x^ - 4yz)(9x^ + 4yz) 

52. -3(y - 7)(y + 2) 

53. (-3a '+ 2b) (9a^ - 6ab + i<b^) 

54. (x - 4)(x + 6y) 

55. c{x^ + 2)(x + 2)(x - 2) 

56. (6m - a)(m - 12a) 

57. 3t(r + 4t)(r^ - 4rt + l6t^) 

58. (w - 5b) "(2v^ + 3) 

59. 8b(2a - b)('ia^ + 2ab + b^) 
■ 60. 4x2y(2x + l)(x - 3) 

61. (3a + 5)(a - 3) 

62. (b + x)(x f y)(x - y) 

80 
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Exercises 




63 • 


(72 




(3 - 




(v - 




(5k 


57. 


(3x 


Aft 

DO • 




09. 


(a. 




(c - 


71. 


5(7x 


72.,^ 


(x . 


73. 


(r - 


7^1. 


(x - 


- 75. 


(2x 


Exercises 





,2 „ ..^2^ 



I (a - 2b + 2c) ^ 
0.(k + 6w) 
jy^)(2x - y)(2x + 



(c - d - a + 2b«|{(c - d)^ + (c - d)(a - 2b) + (a - 2b)^] 
5(7x - 3y)(x^ -^) 
/ 72., (x ■ y + a -t 3b)[(x + y)^ - (x + y)(a + 3b) + (a + 3b)^] 



l)^(x + 1)2 



3)2 



i. 


y --^ 


4 


and 


y = 


3 


6. 


X = 


0 


and 


X = 


1 


2. 


X = 


-9 


and 


y = 


2 


7. 


X = 


'0 


^nd 


X = 


-1 


3. 


X = 


5 


and 


X = 


-2 


8. 


V — 


2 


and 


X = 


-2 


u. 


X = 


4 


and 


X = 


-8 


9. 


X = 


3 


and 


X = 


-3 


5. 


X = 


1 





















Exercises ^c, page 33. 

1. + x^ (2a + b) + x(2ab + a^) + a^b 

(a) 2a + b = -3 ; 2(-2) + 1 = -3 

2ab + 0 2(-2)(l) + (-2)^ = 0 

a^b = 4 (-2)2 (1) = J+ 

If a = - 1; b = 4 
If a = - 2; b = 1 

(x + a)2(x + b) = (x - 2)2(x + 1) 



ERIC 



Exercises 5c j (ccnt'd.) 



— , A 

(b) 2a + b = 5 2(1) +3=5 



t 




2ab + a"^ = 7 2(3) (l) + (l)^ = 7 

a^b = 3 (1)^(3) = 3 

;.a = t ij b = 3 
(x + a)^(x + b) = (x + l)^(x +^3) 

(c) 2a + b = 3 2(1) +1 =3 

2ab + a^ = 3 2(l)(l) + (l)^>= 3 

a^b = 1 (1)^(1) = 1 

/.a - i 1; -b 1 

(x + a)^(x + b) = (x + 1).^ 

2. (x - l){x - 2)(x - 3) = 0 
x"^ - 6x^ + llx - 6 = 0 - 



Exercises 6a, page 35^ 

1. By ths definition of division |- is a solv.tion of the 

^ equation ax = a. However, we know Unit 1 is albo a 

" solution of ax = a. Therefore ^ and 1 are each 

a 

solutions of an equation which has a unique solution 
according to the division property. .\ f- = 1. 

2* Both Y and a are solutions of the equation l*x = a 



which has a unique solution according to the division 

a 
1 



property. . * . y = a. 
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Exercises 6a, (contM.) 



3.- 



Again we involve the definition of division and the 
division property to show that each of the nurabers 



^ and 0 satisfy the equation ax = 0, 



0 



= 0. 



Each of the numbers - 
equation (-l)*x = a*. 



and 



-a Is a solution of the 



-1 



= -a , 



Each of the numbers 2 and 



2a 



is a solution of the 



equation ax = 2a provided a / 0, 



2 = ~ 
a * 



Exe revises 6b , page 37 > 
1 



1^ 

7 



3n 

1 



6. 
7. 
8. 

9. 
10. 



a 




2 


2a 




5 


a 




1 


3a 




2 


3x 






X 


-t- 




a 




b 


2a 




b 


X 




y 


m 




n 



Exercises 6c , page 39 ^ ^0. 

Til 

^- 15 / 
2. 

f 3. 



5. 
6. 

7. 



15x ) 

(x + y) ( X - y 
(x + 2yH2x + y 

X 

~5 5" 

X + xy + y 



8, 
9. 

10, 

11, 

12, 
13, 

in. 



22 

13 

3 

Sx"^ + 2y'^ 
^y 

5a 
T 



2(a - 1) 
^5- (a^ + l)(a + l) 



X - y 

5('< - x) 

3x - 12 

0 
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Exerclses 6d , page 42. 
1. 



2. 
3. 
4. 

5. 
6. 

7. 
8. 



2 

2 



14 
T 

4 



XZ 



4 

T 



1 



9. 

10. 

11. 

12. 

13. 
14. 

15. 



1 

3y^ - 2 

5y 

20x 

(x 4- 5)(x - 5) 

^(2x + 3' 



3) 



X 

12m 
m - 3 

- 2(2x + 3) 
(x +'l)(x -'D 

2x - 3 
x(2x - l)C2x + 1) 



4. 

(6. 

7. 
8. 

9. 
10. 



Exercises - 6e , page 44, 45. 
1. 

2. 

3. 



20a + 7 



6a' 



21 
64b^ 



6x'^ + 13xy - 2y 
bxy 

x^ - 13x -1 2 
^(x - 3){x + 3) 



rn - 3n 
X + 1 

?7T 



11. 
12. 

13. 

14. 

15. 
16. 

T 

18. 
19. 



+ - 4a - 1 
(a + l)(a ~ l)(a + 2)(a - 2) 



■ 2b ^ 
a + b 



X + 1 
1 

4"- 

5 - c 
a 



-2 y(x + 3y ) 
X - 2y 



(x + y) 

12a^ + 73a^ + 34a - 11 
(4a - l)(3a + 2) 

y 

-3x - 2 
x^(x + 1) 
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Exercises 6e , (cont'd.) 

20. ~ ?j 

(1 - a)^ 



21. 2(x^ 



23. (3x^ - 12x - 2)(x^ + 4x +6) 

(x - 3)2. (x + 3)'^ 

24. X + y 



22. 


1 + a 
1 - a 








Exercises 


6f, page 








1. 


50 




5. y =-4 




2. 


X - 

2 




Q 

6. ^ ^ ^ 


-3 


3. 






7 . X = - and x = 


2 


h. 


X = -9 




8 . X = - and x = 
• 


10 
"T 


Exercises 


6g,, page 


45. 








1 b 








1 • 


(|) ' ^ 










(|)-(|) = 


T 
X 


Division property 






ba 
aS = 


1 


Theorem: (|)(|)= f| | 






ab 

iF 7 


1 


1 

Commutative property' 








1 


Theorem: (f)(f) = fg; 






a(i)M^) = 


1 


Id i 
Theorem: — = b(r-) 






1-1 = 


1 


Multiplication inverse 




2. 


a . a _ 


0 


Definition: Additive inverse 




a + -a 
b ■■■ = 




\ 

3' C 3. C 

Theorem: ^ + 5- = — 5 — 






a 


-a 
F 


Substitution 
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Exercises 6g , (cont'd.) 
3. 



a 



c a , c 
^ = F + - cT 

- ^ J. -° 



ad 



ad + -be 
S3 

ad - be 




Subtraction property 
ra\ -a 



Theorem: -i^) = ^ 



Theorem: + 



ad + be 
~T3 



Commutative property and 
Theorem: (-ajCb) = -ab 

Theorem: a + -b = a - b 



Exercises Ja , page 47» 



1. 


6 > -3 


[or -3 


2. 


-2 > -5 




3. 


-7 < 0 




4. 


8 > 0 




5. 


52.8 > - 


■32.9 


6. 


8.25 > 


8.2 




-0.1 < - 


•0.01 


fe. 


I>iL 




9. 


-3 + 10 


= 7 


10. 


^ . 5 
^ 


i 



11. 682(2.98 + 67.^) 

= 682(2.98) + 682(67.4) 

(-1).(-1).(-1). > -3-2.^ 

2 + 1 > 2 1 




20. 15 = -1 + 16 



Exercises Jh, page 49. 



1. 
2. 
3. 
4. 

5. 



> 
> 
> 
< 



6. 

7. 
8. 

9. 
10. 



< 
> 
> 
< 
> 



^6 
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Exerclses 7c . page 53. 



2x + 12 > 5x 
12 > 3x 
X < 4 



5- < 3x 
3x > 6 
X ■> 2 



- 1 



(x - 5)(x - 7) < 0 means either (x - 5) < 0 



. • . if X - 5 < 0 

X < 5 
X - 7 > 0 

X > 7 

but it is impossible 

for X to be less than 5 

and greater -^^an 7. 

x^ - 6x + 9 ~ ^ 
x^ - 6x + 5 1 0/> 

(x - 5)(x - 1) 1 

(x - 5)(x - 1) = 

X = 5; X = 

(x - 5)(x - 1) < 



if 



X 
X 



5 
7 

X 
X 



$ < X 



0 
0 



< 7 
^ 5 



<*7 



0 
0 

1 

0 



means 



I'l < X < 5 



If 



5 < 0 
X < 5 



and 



or (x -7)<0 
but not both 



1 > 0 
X > 1 



X - 5 > 0 

X > 2 ! 

x-5<0, x<5 and x < 2 but in order to 
insure that both of these conditions are satisfied 
we must take x < 5 



1 

If 



ERIC 



Exercises 7c » (cont'd.) 

6. If X > 0, 2x + 5 < 6x 



If 
If 



5 < 4x 
X > I 

X - 0 we have an undefined operation 
X < 0, Sx + 5 > 6x 



7. 



In order to satisfy both of these conditions at 
the sajne time we must, take x < 0 
X < 0 or x > 

.2 

.2 



If X > 6, ^yC- +13x < 28 



^yr + 13x - 28 < 0 
(2x + 7)(3x - 4) < 0 
and 2x + 7 > 0 
2x > -7 
X >--| 
whije 3x - 4 < 0 
3x < 4 

0 < X < 

If X = 0 we have an undefined operation. 

If X < 0 6x^ + 13x > 28 

(2x + 7)(3x - 4) > 0 
•then 3x - 4 < 0 
3x < 4 

X < 4 



cScS 



\ 
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Exercises 7c > (cont'd.) 
7. (cont'd.) while 



8, 



2x + 7 > 0 
2x > -7 



x>.i 



7 



^ < X < 
X ^ 0 and - X < x < 



4 



X- l<x<x+2 for all X 
. ■ . 6nly X - 1 < 0 or all factors must be 
X - 1 < 0 and x > 0 



< 0 



If 
then 



If 
so 



X < 1 

X + 2 < 3 
0 < X < 1 
X + 2 < 0 
X < -2 
X < -2 



it folljsrws that x < 0 anh x - 1 < 0 



or 0 < X < 1 



Exercises 7d ^ pages 53, 5^. 

1. a > 1 

a-a > 1 -a 

2 . 
a > a 

2. a < 1 and a > 0 

a -a < 1 -a 

2 

a < a 

3. a < 0 

a < 1 ' 
a-a > a 



j Multiplication property of order 



i*^ > a or a < a 



2;. 



Multiplication property of -order 



Multiplication property of order 
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7d, (oont^d.) 



a < b 
a»a < a^b 
a*b < b»b 

a^ < b^ • 
Case I 



Case II 



a > 0 

a -a > 0»a 

o 

a^ > 0 
a < 0 

a*a >'0*a 

2 



Multiplication property of order 
Multiplication property of order 
Transitive property ^ 

Multiplication property of order 



Multiplication property of "order 



a" > 0 
See prob. 5 for 

a = 0 
a-a = 0-a 

2 

> 0 



a > 0 or a < 0 



a^ + = 0 



Case I 



Case II 



a = 0 
0-0 + = 0 
b2 = 0 
b'b = 0 
b = 0 
a / 0 
a^ > 0 
< 0 



b2 = 0 
b^ . 



■a^ < 0 



r 
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Exerclses 7d > (cont'd.) 

but 

. ■ . a must •= 0, b = 0 



7. (cont'd.) but b^ > 0 for all b 



8. (a - b)^ > 0 

a^ - 2ab + b^ > 0 

a^ - 2ab + 2ab + b^ >-2ab addition property for 



inequalities 



a^ + b^ > 2ab 



.2 ,2 

ab < ^ — Multiplication property for 

inequalities 



Exercises 8a , pages 58, 59. 
1. < 25 

x^ - 25 < 0 



(x - 5)(x + 5) < 0 

X - 5 < 0 and x + 5 > 0 
-5 < X < 5 



^ f i t I ^ 



2x <. 14 
X < 7 



1 M 4 M H I 

0 I 2345 6' 78 



6 < X < 8 



H 1 1 1 i 1 f-M 1 i ! 1 1 — H 1 • i 1 



-10 -9 -8 -7 -6 -5 -4 -3? -2 -I 0 i 2 3 U 5 6 7 8 9 10 



<i1 
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Sxerclses 8a , (cont'd.) 
k. X = 5 or X = 2 



5. X = 4 or X = -3 



^ — I — K-i — I — I — I — I — I — I — I — h 



2 3 4 5 6 

8. 
2 



7 8 9 10 II 12 



H ! [ — I — * — I — ( — ! — I 1 — I 1 — H 

0 I 23456789 iO II 12 



X < 



13 
T 



H 1 < l I I I » 0I i h — H— I ! — h- 

-12 -II -10 -9 -8 -7 -6 -5 -4 -3 -2 -I 0 



7. 0 

8. (x + 10)(x 
X - 2 > 0 
X > 2 



- 2) > 0 



or 



X + 10 < 
X < -10 



^111 — I — I — I — I — I — I — 1~ 
-12 -11 -10-9 -8 -7 -6 -5 -4 -3 -2 



-i— ^ 1 — ^ 



if— 



23456789 



9. {x:(-3 < X < 3) or (x < -5 or x > 5)} 



I I I c 



t > 1 I c — I — e- 



■I— <■ 



-10 -9 -8 -7 -6 -5 -4 -3 -2 -.1 0 1 I 2 3 4 5 6 7 8 9 10 !! 12 



(x: 



X 



X 



< 1} = [x: X is in R and x 0} 



"I- 



4—1- 



I I I I I 



! I I > 



11 . {x:x > -^j 

-\ H 



-t 



•4 



H \~-9 1 1 — I ! \ 1— ^^ — * 



-I 
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Sxerc.ises 8a , (cont'd.) _ j- •• 

12 > [x:(x = X or x > x) and (x / O) } 
or {x:x is in R and x / 0) 

-4-?" ^ ' '! I ■ I I I i " I I ! I Q I I I I 'I I I I I I I ! > 

-i 0 i 

(The number line except the point O) 

13. (2x + ^0(2a + 2) > 0 

2x 4- 2 > 0 or 2x + 4 < 0 

2x > -2 2x < -4 

X > --1 X < -2 



-2 "i 

(x + '-f - 2^ < 0 

Trx + 4>0 x+4^0 
X + < 2 x'+ 4 > 2 

(^-+ ii + 2)(x + 4 - 2) < 0 
(x + 6)(x - 2) < 0 
X + 2 < 0 
X < -2 
X + 6 > 0 
X > -6 
-6 < X < -2 



O — 4 1 1 — ^~ 



-6 -5 -4 -3 -2 -r . C • 
15. |x! < -2 
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Exercises 8a > (cont'd.) 

. 16.. (2x - 8)(2x - 2) > 0 
. (x - iJ)(x 1) > 0 

x-i|>0 • •x-l<0 

. X > . - X < 1 



i I I r " • I ■ ! — I — I — I » I I I I I > 

0 12 3 4.5 6 



Exercises, 8b , page 59- . • ' 

1. If a - b > 0 ■ - 2, 

!a - b| = a - b 

and b *■ a < 0. 

- . ib 1 a| = -(b - a) 

, . • = a ■- b- ■ 

ia--.b! = ib - a| ■ 

If a b = 0 

a = b 

and b - a = 0 

• ia-b|=0-|b-a| 

I 

If a- - b ^ 0 

. |a - bi b -(a - b) 

' = b - a 

and c - a > 0 If a < 0 and b > 0 

_ lb - a| = b - a the proof is 'similar to 



If 


a 


> 


0; b > 


0 




ia| 




a |b| = 


b 


la 


l|b| 




rb=|ab| 




If 


a 




0 b = 


0 




iai 




0 |bi = 


0 


|a| 


.|b| 




0-0 = a 


• b = 


If 


a 


> 


0 b < 


0 




Ia| 




a !b| = 


-b 


!a 


l|b| 




a-(-b)= 


-ab 




-ab 


> 


0 








< 


0 






|al!| 




-ab 




la 


l|o| 




|ab| 





D - D - a 



that just given. 
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Exerclses 8b, (cont'd.) 



If 



If 



a 2 0 
|a| = a; 

la! _ a 

a. < 0 
iai = -a 



and 



and 



-a 



iaI 

-I > 0 
< 0 

III = -l 



a 

la I 



lal 
1^1 



If 



a < 0 
|a| = -a 



lal 
1^1 



-a 



b > 0 
|b| = b 



b > 0 
|bi= b 



and 



a 
F 



b < 0 
|b| = -b 

-III 



